CHAPTER 1

Magnetic Circuits

Introduction :

Magnetic flux lines always form closed loops. The closed path followed by the

flux lines is called a magnetic circuit. Thus, a magnetic circuit provides a path

for magnetic flux, just as an electric circuit provides a path for the flow of electric
current. In general, the term magnetic circuit applies to any closed path in space,
but in the analysis of electro-mechanical and electronic system this term is
specifically used for circuits containing a major portion of ferromagnetic materials.
The study of magnetic circuit concepts is essential in the design, analysis and
application of electromagnetic devices like transformers, rotating machines,
electromagnetic relays etc.

Magnetomotive Force (M.M.F) :

Flux is produced round any current — carrying coil. In order to produce the required
flux density, the coil should have the correct number of turns. The product of the
current and the number of turns is defined as the coil magneto motive force (m.m.f).

If | = Current through the coil (A)
N = Number of turns in the coil.
Magnetomotive force = Current x turns

So M.M.F=IXN
The unit of M.M.F. is ampere—turn (AT) but it is taken as Ampere(A) since N
has no dimensions.

Magnetic Field Intensity:

Magnetic Field Intensity is defined as the magneto-motive force per unit length of the
magnetic flux path. Its symbol is H.

Magnetomotive force

Magnetic field Intensity (H) = .
Mean length of the magnetic path

» H=

=—— A/m
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Where [ is the mean length of the magnetic circuit in meters. Magnetic field intensity is also
called magnetic field strength or magnetizing force.



Permeability :-

Every substance possesses a certain power of conducting magnetic lines

of force. For example, iron is better conductor for magnetic lines of force than air (vaccum) .
Permeability of a material (W) is its conducting power for magnetic lines of force. It is the ratio
of the flux density. (B) Produced in a material to the magnetic filed strength (H).
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Reluctance :

Reluctance (s) is akin to resistance (which limits the electric Current).

Flux in a magnetic circuit is limited by reluctance. Thus reluctance(s) is a measure of the
opposition offered by a magnetic circuit to the setting up of the flux.

Reluctance is the ratio of magneto motive force to the flux. Thus
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Its unit is ampere turns per webber (or AT/wb).
Permeance:-
The reciprocal of reluctance is called the permeance (symbol A).
Permeance (A) = 1/S wb/AT
Turn T has no unit.
Hence permeance is expressed in wb/A or Henerys(H).

B.H. Curve :

Place a piece of an unmagnetised iron bar AB within the field of a

solenoid to magnetise it. The field H produced by the solenoid, is called

magnetising field, whose value can be altered (increased or decreased) by



changing (increasing or decreasing) the current through the solenoid. If we
increase slowly the value of magnetic field (H) from zero to maximum value,
the value of flux density (B) varies along 1 to 2 as shown in the figure and the
magnetic materials (i.e iron bar) finally attains the maximum value of flux

density (Bm) at point 2 and thus becomes magnetically saturated.

Fig. 2.1

Now if value of H is decreased slowly (by decreasing the current in the
solenoid) the corresponding value of flux density (B) does not decreases along
2-1 but decreases some what less rapidly along 2 to 3. Consequently during the

reversal of magnetization, the value of B is not zero, but is '13' at H= 0. In other

wards, during the period of removal of magnetization force (H), the iron bar is

not completely demagnetized.

In order to demagnetise the iron bar completely, we have to supply the
demagnetisastion force (H) in the opposite direction (i.e. by reserving the
direction of current in the solenoid). The value of B is reduced to zero at
point 4, when H='14'. This value of H required to clear off the residual
magnetisation, is known as coercive force i.e. the tenacity with which the

material holds to its magnetism.

If after obtaining zero value of magnetism, the value of H is made more
negative, the iron bar again reaches, finally a state of magnetic saturation at
the point 5, which represents negative saturation. Now if the value of H is

increased from negative saturation (= '45') to positive saturation ( = '12') a



curve '5,6,7,2' is obtained. The closed loop "2,3,4,5,6,7,2" thus represents one

complete cycle of magnetisation and is known as hysteresis loop.



CHAPTER 02

COUPLED CIRCUITS

It is defined as the interconnected loops of an electric network through the
magnetic circuit.

There are two types of induced emf.
(1) Statically Induced emf.
(2) Dynamically Induced emf.

Faraday’s Laws of Electro-Magnetic :

Introduction - First Law :>

Whenever the magnetic flux linked with a circuit changes, an emf is induced in it.
OR

Whenever a conductor cuts magnetic flux an emf is induced in it.

Second Law : >

It states that the magnitude of induced emf is equal to the rate of change of flux
linkages.

OR

The emf induced is directly proportional to the rate of change of flux and
number of turns

Mathematically :
dé
dt
e < N
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Where e = induced emf
N = No. of turns
¢ = flux

‘- ve’ sign is due to Lenz’s Law

Inductance : —
It is defined as the property of the substance which opposes any change in Current & flux.
Unit : — Henry



Fleming’s Right Hand Rule: —

It states that “hold your right hand with fore-finger, middle finger and thumb at right angles
to each other. If the fore-finger represents the direction of field, thumb represents the
direction of motion of the conductor, then the middle finger represents the direction of
induced emf.”

Lenz’s Law : —

It states that electromagnetically induced current always flows in such a

direction that the action of magnetic field set up by it tends to oppose the vary
cause which produces it.

OR

It states that the direction of the induced current (emf) is such that it opposes the
change of magnetic flux.

(2) Dynamically Induced emf : —
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In this case the field is stationary and the conductors are rotating in an uniform magnetic
field at flux density ‘B” Wb/mt2 and the conductor is lying perpendicular to the magnetic
field. Let /' is the length of the conductor and it moves a distance of ‘dx’ nt in time ‘dt’
second.

The area swept by the conductor = /. dx
Hence the flux cut = ldx. B
Change in flux in time ‘dt’ second =

Bldx
it
E =Blv
If the conductor is making an angle ‘6’ with the magnetic field, then
e = Blv sin©



(1) Statically Induced emf : >

Here the conductors are remain in stationary and flux linked with it
changes by increasing or decreasing.

It is divided into two types .

(i) Self-induced emf.

(ii) Mutually-induced emf.

(i) Self-induced emf : = It is defined as the emf induced in a coil due to the
change of its own flux linked with the coil.

&

If current through the coil is changed then the flux linked with its own turn
will also change which will produce an emf is called self-induced emf.
Self-Inductance :>

It is defined as the property of the coil due to which it opposes any change
(increase or decrease) of current or flux through it.

Co-efficient of Self-Inductance (L) :=>

It is defined as the ratio of weber turns per ampere of current in the coil.
OR

It is the ratio of flux linked per ampere of current in the coil.

1st Method for ‘L’ :—
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Where L = Co-efficient of self-induction
N = Number of turns
d = flux
| = Current



2nd Method for L :>
We know that
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Where L = Inductance
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15 known as self-induced emi.
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When — =lamp/sec.

!-Illl
e =1volt
L=1 Henry

A coil is said to be a self-inductance of 1 Henry if 1 volt is induced in it.
When the current through it changes at the rate of 1 amp/ sec.

3rd Method for L :—>
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Where A = Area of x-section of the coil
N = Number of turns
L = Length of the coil



(ii) Mutually Induced emf : >

It is defined as the emf induced in one coil due to change in current in other
coil. Consider two coils ‘A’ and ‘B’ lying close to each other. An emf will be
induced in coil ‘B’ due to change of current in coil ‘A’ by changing the

position of the rheostat.
A B

Mutual Inductance :>
It is defined as the emf induced in coil ‘B’ due to change of current in coil ‘A’
is the ratio of flux linkage in coil ‘B’ to 1 amp. Of current in coil ‘A’.

Co-efficient of Mutual Inductance (M):
Coefficient of mutual inductance between the two coils is defined as the
weber-turns in one coil due to one ampere current in the other.

1st Method for ‘M’ :>

N2 = Number of turns
M = Mutual Inductance
d1= flux linkage
l1=Current in ampere

2nd Method for M :->
We know that

p-1E

I

Ml = Nz dy
B-Ml; = Nz ¢y
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Then M =1 Henry
A coil is said to be a mutual inductance of 1 Henry when 1 volt is induced
when the current of 1 amp/sec. is changed in its neighbouring coil.

3rd Method for M :—
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Co-efficient of Coupling :
Consider two magnetically coupled coils having N1and N2turns respectively.
Their individual co-efficient of self-inductances are

M
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The flux ¢ 1 produced in coil ‘A’ due to a current of I1 ampere is
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Suppose a fraction of this flux i.e. K1 ¢ 1is linked with coil ‘B’
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Similarly the flux ¢ 2 produced in coil ‘B’ due to I2amp. Is
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Suppose a fraction of this flux i.e. K2 ¢ 2 is linked with coil ‘A’
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Where ‘K’ is known as the co-efficient of coupling.
Co-efficient of coupling is defined as the ratio of mutual inductance
between two coils to the square root of their self- inductances.

Inductances In Series (Additive) : —

Flixes fre ti the saiie diirechioi

Let M = Co-efficient of mutual inductance

L1 = Co-efficient of self-inductance of first coil.

L2 = Co-efficient of self-inductance of second coil.
EMF induced in first coil due to self-inductance

dl

°n = ~hgr
Mutually induced emf in first coil



if
ey =-M i
o ¢lf
EMF induced in second coil due to self induction
i awil g, B
- " rllf
Mutually induced emf in second coil
dl
ey, =M —
: df
Total induced emf
E=e1+ep+temtem

If ‘L’ is the equivalent inductance, then
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Inductances In Series (Substnactive) : —
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{Fluxes are opposte m direchon)
Let M = Co-efficient of mutual inductance

L1 = Co-efficient of self-inductance of first coil
L. -= Co-efficient of self-inductance of second coil
Emf induced in first coil due to self induction

dl
di
Mutually induced emf in first coil
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Emf induced in second coil due to self-induction
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Mutually induced emf in second coil
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Inductances In Parallel : —
Iy

Let two inductances of L; & L; are connected in parallel
Let the co-efficent of mutual inductance between them is M.
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If ‘L’ is the equivalent inductance
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When mutual field opposes.




Exp.-01:
Two coupled cols have self inductances Li= 10x103H and L= 20x103H. The
coefficient of coupling (K) being 0.75 in the air, find voltage in the
second coil and the flux of first coil provided the second coils has 500 turns
and
the circuit current is given by i1 = 2sin 314.1A.
Solution :
M=KVL1L2
M =0.75 v/10x10-3 x 20x10-3
BEM =10.6x10-3H
The voltage induced in second coil is
V2=/\/IE
dt
=10.6x103x 2x314 cos 314dt.
The magnetic circuit being linear,
N S00x(Kd)

i =

1 A !_|||'|g|||"" L
#= i = w s A l4r
e LI ES =075

=566 107 sin 314t

Exp. 02

Find the total inductance of the three series connected coupled coils.Where
the self and mutual inductances are
Li=1H, L2=2H, L3=5H

M12= 0.5H, M23=1H, M13=1H
Solution:

La= L1+ M12+ M3

=1+20.5+1

= 2.5H

Le= L2+ M23+ M12

=2+1+0.5

= 3.5H

Lc= L3+ M23+ M13

=5+1+1

=7H

Total inductances are



Lea= La+ Le+ Lc
=25+35+7
= 13H (Ans)



CHAPTER 3
Circuit Elementsand analysis

11  Voltage

Energy is required for the movement of charge from one point to another. Let W
Joules of energy be required to move positive charge Q columbs from a point a to
point b in a circuit. We say that a voltage exists between the two points. The voltage
V' between two points may be defined in terms of energy that would be required if a
charge were transferred from one point to the other. Thus, there can be a voltage
between two points even if no charge is actually moving from one to the other.

Voltage between aand b is given by

v="yc
Q

Worked are (W) in Joules
Charge (Q)in columbs

Hence Electric Potential (V) =

current ;
An electric current is the movement of electric charges along a definite path. In case

of a conductor the moving charges are electrons.

The unit of current is the ampere. The ampere is defined as that current which when
flowing in two infinitely long parallel conductors of negligible cross section, situated 1
meter apart in Vacuum, produces between the conductors a force of 2 x 107 Newton per

metre length.

Power : Power is defined as the work done per unit time. If a field F newton acts for t
seconds through a distance d metres along a straight line, work done W = Fxd N.m. or J.
The power P, either generated or dissipated by the circuit element.

Fxd
t

P: =

w
t



Work

Power can also be written as Power =

time
= Work X Ch.arge = Voltage x Current
Charge Time
P=V x| watt.

Enerqgy : Electric energy W is defined as the Power Consumed in a given time. Hence, if
current 1A flowsin an element over atime period t second, when a voltage V voltsis applied

acrossit, the energy consumed is given by
W=Pxt=V xIxt Jor watt. second.

The unit of energy W is Joule (J) or watt. second. However, in practice, the unit of

energy is kilowatt. hour (Kwh)

1.2 Resistance : According to Ohm's law potential difference (V) across the ends of a
conductor is proportional to the current (I) flowing through the conductor at a

constant temperature. Mathematically Ohm's law is expressed as

ValorV=Rxl

OrR= ¥ where R is the proportionality constant and is designated as the conductor
resistance and has the unit of Ohm (Q).

Conductance : Voltage isinduced in a stationary conductor when placed in avarying

magnetic field. The induced voltage (e) is proportional to the time rate of change of
current, di/dt producing the magnetic field.

Therefore e a 9
dt

Or e=L ﬂ
dt



e and i are both function of time. The proportionality constant L is called inductance.

The Unit of inductance is Henery (H).

Capacitance : A capacitor is a Physica device, which when polarized by an electric field

by applying a suitable voltage across it, stores energy in the form of a charge separation.

The ability of the capacitor to store charge is measured in terms of capacitance.

Capacitence of a capacitor is defined as the charge stored per Volt applied.

13

14

_ Coulomb

C= 9 = Farad

V Volt

Active and passive Branch :

A branch is said to be active when it contains one or more energy sources. A passive

branch does not contain an energy source.
Branch : A branch is an element of the network having only two terminals.

Bilateral and unilateral element :

A bilateral element conducts equally well in either direction. Resistors and inductors
are examples of bilateral elements. When the current voltage relations are different
for the two directions of current flow, the element is said to be unilateral. Diode is an

unilateral e ement.

Linear Elements : When the current and voltage relationship in an element can be

simulated by a linear equation either algebraic, differential or integra type, the

element is said to be linear element.

Non L inear Elements : When the current and voltage relationship in an element can

not be simulated by alinear equation, the element is said to be non linear elements.

Kirchhoff'sVoltage Law (KVL) :

The algebraic sum of Voltages (or voltage drops) in any closed path or loop is Zero.



Application of KVVL with series connected voltage source.
R,

M\

Fig. 1.1
Vi+Vo—-IRi—IR;=0
=Vi+V, =1 (R1+R2)

V,+V,

|= -t "2
R, +R,

Application of KVL while voltage sources are connected in opposite polarity.

R
Vv

auw -

1 § Rz

R,

Fig. 1.2
Vi—IR; = V2—IR;—IR3 =0
> Vi—Vo= IR + IR + IR
> Vi—Va=1 (Ri+IR: +IRy)



V1 _Vz

> l= ——2—
R, +R, +R,

Kirchaoff's Current Law (KCL):

The algebraic sum of currents meeting at a junction or modeis zero.

Fig. 1.3

Considering five conductors, carrying currents Iy, 12, I3, 14 and Is meeting at a point O.
Assuming the incoming currents to be positive and outgoing currents negative.

|1+(-|2) + |3+(-|4) +15=0
[1—=lo+13=14+15=0

[1+13+1l5=1+ 14

Thus above Law can aso be stated as the sum of currents flowing towards any
junction in an electric circuit is equal to the sum of the currents flowing away from
that junction.

Voltage Division (Series Cir cuit)

Considering a voltage source (E) with resistors R; and R, in series acrossiit.

R.

WV

E + /D

Fig. 1.4



R, +R,
Voltagedrop acrossR; = 1. Ry = ER,
R, +R,
i ER,
Similarly voltage drop across R; = 1.R; =
R, +R,

Current Division :

A parallé circuit acts as a current divider as the current divides in all branches in a

parallel circuit.

Fig. 1.5

Fig. shown the current | has been divided into I; and I, in two paralel branches with

resistances R; and R, while V is the voltage drop across R; and Ry.

Hence —= :i+i
Rl RZ
> R= RiR,




I—X— V. V(R +R,)
R RR, RR,
R.+R

1 2

But=V =1;R; = LR,

> | = |1R1 R1R2
R, +R,

> I — Il(R1+ RZ)
RZ
Therefore I, = IR,
R, +R,

Similarly it can be derived that




NETWORK ANALYSIS

Different terms are defined below:

1. Circuit: A circuit is a closed conducting path through which an electric current either
flow or isintended flow

2. Network: A combination of various electric elements, connected in any  manner.
Whatsoever, is called an electric network

3. Node: itisan equipotential point at which two or more circuit el ements are joined.
4. Junction: itisthat point of a network where three or more circuit e ements are joined.

5. Branch: itisapart of anetwork which lies between junction points.

6. Loop: Itisaclosed pathinacircuit in which no element or node is accounted more than
once.

7.Mesh: Itisaloop that contains no other loop within it.

Example 3.1 In this circuit configuration of figure 3.1, obtain the no. of i) circuit elementsii)
nodesiii) junction points iv) branches and v) meshes.

Rs

R4 RG

R1 Vs Rs

Vi | R> R7

R3 RQ \ 2



Solution: i) no. of circuit elements = 12 (9 resistors + 3 voltage sources)
i) no. of nodes=10(a, b, c,d, ¢ f, g, h, k, p)
iii) no. of junction points =3 (b, e, h)

iv) no. of branches = 5 (bcde, be, bh, befgh, bakh)

V) no. of meshes = 3 (abhk, bcde, befh)

3.2MESH ANALYSIS

Mesh and nodal analysis are two basic important techniques used in finding solutions
for anetwork. The suitability of either mesh or nodal analysisto a particular problem depends
mainly on the number of voltage sources or current sources .If a network has a large number
of voltage sources, it is useful to use mesh anaysis; as this analysis requires that al the
sources in a circuit be voltage sources. Therefore, if there are any current sources in a circuit
they are to be converted into equivalent voltage sources,if, on the other hand, the network has
more current sources,nodal analysisis more useful.

Mesh analysis is applicable only for planar networks. For non-planar circuits mesh
analysis is not applicable .A circuit is said to be planar, if it can be drawn on a plane surface
without crossovers. A non-planar circuit cannot be drawn on a plane surface without a
crossover.

Figure 3.2 (a) is a planar circuit. Figure 3.2 (b) is a non-planar circuit and fig. 3.2 (c) isa
planar circuit which looks like a non-planar circuit. It has aready been discussed that a loop
isaclosed path. A mesh is defined as aloop which does not contain any other loops within it.
To apply mesh analysis, our first step is to check whether the circuit is planar or not and the
second is to select mesh currents. Finally, writing Kirchhoff‘s voltage law equations in terms
of unknowns and solving them leads to the final solution.

W

@) (b) (©)
Figure 3.2

Observation of the Fig.3.2 indicates that there are two loops abefa,and bcdeb in the
network .Let us assume loop currents I; and I,with directions as indicated in the figure.



Considering the loop abefa alone, we observe that current 1, is passing through Ry, and (1;-12)
is passing through R, By applying Kirchhoff’ s voltage law, we can write

Vs =hRi+Rx(11-12) (3.2)
R]_ R3
e VAVAN AVAVAV, c
Vs R>
R4
o 'z
f e d|

Figure 3.3

Similarly, if we consider the second mesh bcdeb, the current |, is passing through R3
and Ry, and (I2 — 1) is passing through R, By applying Kirchhoff’s voltage law around the
second mesh, we have

R, (|2-|1) + Rl +Ryl>=0 (3.2)

By rearranging the above equations,the corresponding mesh current equations are
l1 (Ri+R2) - I2R2 =V

-11R2 +(Ro+R3+Ry) 1=0 (33)

By solving the above equations, we can find the currents I; and I, If we observe
Fig.3.3, the circuit consists of five branches and four nodes, including the reference node. The
number of mesh currentsis equal to the number of mesh equations.

And the number of equations=branches-(nodes-1).in Fig.3.3, the required number of
mesh current would be 5-(4-1)=2.



In general we have B number of branches and N number of nodes including the
reference node than number of linearly independent mesh equations M=B-(N-1).

Example 3.2 Write the mesh —\\V\\
5Q 10Q

current equations in the circuit shown 10V T 2Q

50v—|—

in fig 3.4 and determine the currents.

Figure 3.4

Solution: Assume two mesh currents in the direction as indicated in fig.
3.5. The mesh current equations are

5Q
—\VV\
v B 10Q
20 Y [s0v
Figure 3.5
5|1+ 2('1—|2) =10
101, + 2(1,-1;) +50=0 (3.9

We can rearrange the above equations as
711-21,=10
-211+121,=-50 (3.5)

By solving the above equations, we have I;= 0.25 A, and |, = -4.125



Here the current in the second mesh |, is negative; that is the actual current I, flows opposite
to the assumed direction of current in the circuit of fig .3.5.

Example 3.3 Determine the mesh current I, in the circuit shown in fig.3.6.

Figure 3.6

Solution: From the circuit, we can from the following three mesh equations

1013 +5(11+12) +3(11-13) = 50 (3.6)
215 +5(12+11) +1(1+l3) =10 (3.7
3(I5-17) +1(I3+lp) =-5 (3.8

Rearranging the above equations we get

1811+5I,-313=50 (3.9
51,481+ 15210 (3.10)
3ly+ Iyt 4g=5 (3.12)

According to the Cramer’srule



50 5 -3

0 8 1
o|=5 1 4| 175
"l'18 5 —3| 356

5 8 1

-3 1 4
Or ;= 3.3 A Similarly,

(18 50 -3]

5 10 1
|3 -5 4| _-355
1”18 5 -3 | 356

5 8 1

-3 1 4
Or 1,=-0.997A

(18 5 50]

5 8 10
- |31 -5| 5%
118 5 —3| 356

5 8 1

-3 1 4|
Or 1:=1.47A

=~ 11=3.3A, [,=-0.997A, 15=1.47A

(3.12)

(3.13)

3.3 MESH EQUATIONS BY INSPECTION METHODThe mesh equations for a general planar network can be written
by inspection without going through the detailed steps. Consider a three mesh networks as shown in figure 3.7

The loop equation are | 1R+ Ry(11-15)

Rl RB

Figure 3.7



Rz( |2-|1)+|2R3: -V, 3.14
R4l 3+Rs5l3=V> 3.15

Reordering the above equations, we have

(R1+R2)| 1-Rolo=V4 3.16
-Rol 1+(R2+R3)| 2=-V> 3.17
(Re+Rs)l5=V 3.18

The general mesh equations for three mesh resistive network can be written as

Rlllli Rlzlzi R13|3: Va 3.19
+ R21| 1+R22|2i R23|3: Vb 3.20
+ Ra1l1+ Raolo+Rssls= V¢ 3.21

By comparing the equations 3.16, 3.17 and 3.18 with equations 3.19, 3.20 and 3.21
respectively, the following observations can be taken into account.

1. The self-resistance in each mesh

2. The mutual resistances between all pairs of meshes and

3. Thealgebraic sum of the voltagesin each mesh.

The self-resistance of loop 1, R1;1=R;1+Ry, is the sum of the resistances through which 1,
passes.

The mutual resistance of loop 1, Ri2= -Ry, is the sum of the resistances common to loop
currents 11 and I, If the directions of the currents passing through the common resistances are
the same, the mutual resistance will have a positive sign; and if the directions of the currents
passing through the common resistance are opposite then the mutual resistance will have a
negative sign.

V4=V is the voltage which drives the loop 1. Here the positive sign is used if
the direction of the currents is the same as the direction of the source. If the current
direction is opposite to the direction of the source, then the negative sign is used.

Similarly Rx;=R>+R3 and R33=R4+Rs are the self-resistances of loops 2 and 3
respectively. The mutual resistances Ri13=0, Rx»= -R», Rx3=0, R3;=0, R3,=0 are the
sums of the resistances common to the mesh currents indicated in their subscripts.

Vp=-V, V=V, are the sum of the voltages driving their respective loops.



Example 3.4 write the mesh equation for the circuit showninfig. 3.8

2Q
3Q I 50
- «—
: G
10V C) I3 40
<—
6Q
4—
| )20V
/ '
Figure 3.8

Solution : the general equation for three mesh equation are

Rulit Riplo® Rysls=Va (3.22)
+ Ro1l1+R2l 2 £ Rosl3=Vy (3.23)
+ Ragl1+ Rapl o4 Ragls=Ve (3.24)
Consider equation 3.22

Ru=sdlf resistance of loop 1=(1Q+ 3 Q +6 Q) =10 Q

R12=the mutual resistance common to loop 1 and loop2=-3Q

Here the negative sign indicates that the currents are in opposite direction .
R13= the mutual resistance commontoloop1l& 3=-6Q

V= +10V, the voltage the driving the loop 1.

Here he positive sign indicates the loop current 1, is in the same direction as the
source element.

Therefore equation 3.22 can be written as



10 13- 31,-615= 10 V (3.25)
Consider Eq. 3.23
R21= the mutual resistance common to loop 1 and loop2=-3Q

R2,= self resistance of loop 2=(3Q+ 2 Q +5 Q) =10 Q
R23=0, there is no common resistance between loop 2 and 3.
Vp=-5V, the voltage driving the loop 2.
Therefore Eq. 3.23 can be written as
-3l + 101,= -5V (3.26)
Consider Eq. 3.24
Rs1= the mutual resistance common to loop 1 and loop 3=-6 Q
Rs2= the mutual resistance common to loop 3 and loop 2 =0
Rs3= self resistance of loop 3=(6Q+ 4 Q) =10 Q
V= the algebraic sum of the voltage driving loop 3
=(5 V+20V)=25V (3.27)
Therefore, Eq3.24can be written as -6l + 1013= 25V
-6l 1-3|2-6|3: 10v
-31;+101,=-5V
-61,+1015=25V

3.4 SUPERMESH ANALYSIS

Suppose any of the branches in the network has a current source, then it is dightly difficult to
apply mesh analysis straight forward because first we should assume an unknown voltage
across the current source, writing mesh equation as before, and then relate the source current
to the assigned mesh currents. Thisis generally a difficult approach. On way to overcome this
difficulty is by applying the supermesh technique. Here we have to choose the kind of
supermesh. A supermesh is constituted by two adjacent loops that have a common current
source. As an example, consider the network shown in the figure 3.9.

_ R
+ V l1 I» R3 l3 R4




Here the current source | isin the common boundary for the two meshes 1 and 2. This current
source creates a supermesh, which is nothing but a combination of meshes 1 and 2.

Rul1 + Ra(l-13)=V
Or Ril1+ Rsl2- Ralz=V
Considering mesh 3, we have
Ra(l3-12)+ Ral5=0

Finally the current | from current source is equa to the difference between two mesh currents
i.e.

[1-12=l

we have thus formed three mesh equations which we can solve for the three unknown
currentsin the network.

Example 3.5. Determine the current in the 5Q resistor in the network given in Fig. 3.10

d e
2Q
f
S0v ( 1Q
Figure 3.10
Solution: - From the first mesh, i.e. abcda, we have
50 = 10(11-15) + 5(11-13)
Or 15I4-10I,-513=50 (3.28)

From the second and third meshes. we can form a super mesh
10(|2-|1)+2|2 +|3+5(|3—|1):0

Or -1511+121,+615=0 (3.29)



The current source is equal to the difference between |1 and 111 mesh currents
i.e. lxrlz=2A (3.30)
Solving 3.28.,3.29 and 3.30. we have
11=19.99A,1,=17.33A,and 13=15.33 A
The current in the 5Q resistor =l -13
=19.99 -15.33=4.66A
The current in the 5Q resistor is 4.66A.

Example 3.6. Write the mesh equations for the circuit shown in fig. 3.11 and determine the
currents, 11 1, and I3,

lov)
l1 ()—
12 ls
A
(510 A 30 10
-« — 2Q
+—
| [ 1T
Figure 3.11

Solution ; In fig 3.11, the current source lies on the perimeter of the circuit, and the
first mesh isignored. Kirchhoff*s voltage law is applied only for second and third meshes .

From the second mesh, we have
3(I2-11)+2(1-13)+10 =0

Or -3l +51,-213= -10 (3.31)

From the third mesh, we have
I3+ 2 (I3-12) =10

Or -21,+3l5 =10 (3.32)



From the first mesh, l,=10A (3.33)
From the abovethree equations, we get

1,=10A, 12,=7.27, 13=8.18A

3.5NODALANALYSIS

In the chapter | we discussed simple circuits containing only two nodes, including the
reference node. In general, in a N node circuit, one of the nodes is chosen as the reference or datum
node, then it is possible to write N -1nodal equations by assuming N-1 node voltages. For
example,al0 node circuit requires nine unknown voltages and nine equations. Each node in a circuit
can be assigned a number or a letter. The node voltage is the voltage of a given node with respect to
one particular node, called the reference node, which we assume at zero potential. In the circuit shown
in fig. 3.12, node 3 is assumed as the Reference node. The voltage at node 1 is the voltage at that
node with respect to node 3. Similarly, the voltage at node 2 is the voltage at that node with respect to
node 3. Applying Kirchhoff’s current law at node 1, the current entering is the current leaving (See
Fig.3.13)

3 Figure 3.12

R>
= =—"VV\V'\=

" ® 2

Figure 3.13

[1=Vi/Ri+ (Vl-Vz)/Rz



Where V1 and V; are the voltages at node 1 and 2, respectively. Similarly, at node
2.the current entering is equal to the current leaving as shown in fig. 3.14

R> R4

Figure 3.14

(V2-V1)/Ry + VolRs + Vo (Rg+Rs) =0

Rearranging the above equations, we have

V1 [VR+1/R,]-VA(URy)= 14

-V1(UR) + Vo[ VRy+1/R3+1/(R4+Rs)]=0

From the above equations we can find the voltages at each node.

Example 3.7 Determine the voltages at each node for the circuit showninfig 3.15

3Q

10Q J\/% 2Q
VWA

3Q
®
10V G_D 5Q 5A 1Q 6Q2
Figure 3.15
Solution : At node 1, assuming that al currents are leaving, we have
(V1-10)/10 + (V1-V2)/3 +V/5+ (Vl-Vz)/3 =0
Or V4 1/10+1/3+1/5+1/3]-V [ U3+1/3]=1
0.96V1-0.66V,=1 (3.36)
At node 2, assuming that all currents are leaving except the current from current source, we

have

(V2-V)I3+ (V2-V)I3+ (V-V3)[2=5

VA[2/3]+V[1/3 +1/3 + 1/2]-V5(L/2) =5
-0.66V1+1.16V,-0.5V3=5 (3.37)



At node 3 assuming all currents are leaving, we have

(Va-V2)/2 + V31 + Vy/6 =0

-0.5V;, + 1.66V3=0

Applying Cramer’ s rule we get

1 -066 0
5 116 -05
0 -05 166 | 7.154
Vit 096 —066 0 | ogsr o%®
_066 116 -05
0 -05 166
Similarly,
096 1 0
~066 5 —-05
0 0 166 9.06
Vo< 596 —066 0 | ossr 02
_066 116 -05
| 0 -05 166
096 -066 1 |
_066 116 5
0 -05 0 | 273
Ve= 1006 —066 0 | ossr >V’

-066 116 -05

0 -05 166 ]

(3.38)

3.6 NODAL EQUATIONS BY INSPECTION METHOD The nodal equations for a general planar network can aso be written by
inspection without going through the detailed steps. Consider a three node resistive network, including the reference node, as shown in fig

3.16

R1

R

Figure 3.16



In fig. 3.16 the points a and b are the actual nodes and c is the reference node.

Now consider the nodes a and b separately as shown in fig 3.17(a) and (b)

R:1 Va Rs

Figure 3.17
Infig 3.17 (&), according to Kirchhoff’s current law we have
[1+1+15=0
(VaV1)/Ry +Vi/Ro+ (Vo Vp)/Rs= 0
Infig 3.17 (b) , if we apply Kirchhoff’s current law
l4+ 15= 13
- (V-Va)/Rs+ Vp/Ra+(Vi-V2)/Rs=0
Rearranging the above equations we get

(VR1+V/Ro+1/Re)V o (UR3)Vp=(UR1) V4
(-VR3)Vat+ (URs+1UR4+1U/Rs)Vp=V2/Rs

In general, the above equation can be written as
GaVa+ GapVp=l1
GpaVa + GpoVp=I2

(b)

(3.39)

(3.40)

(3.41)
(3.42)

(3.43)
(3.44)

By comparing Egs 3.41,3.42 and Eqgs 3.43, 3.44 we have the self conductance at node
a, Gu=(1/R; + 1/R; + 1/Ry) is the sum of the conductances connected to node a. Similarly,
Gpr= (U/R3 + 1/R4 +1/Rs) is the sum of the conductances connected to node b. G3=(-1/Ry3) is
the sum of the mutual conductances connected to node a and node b. Here al the mutual
conductances have negative signs. Similarly, Gpa= (-1/R3) is also a mutual conductance
connected between nodes b and a. 11 and 1, are the sum of the source currents at node a and
node b, respectively. The current which drives into the node has positive sign, while the

current that drives away from the node has negative sign.



Example 3.8 for the circuit shown in the figure 3.18 write the node equations by the
inspection method.

Fig 3.18
Solution:-
The general equations are
GaaV a+GaVp=l1 (3.45)
GpaVa + GpoVp=I2 (3.46)

Consider equation 3.45

Ga=(1+ 1/2 +1/3) mho. The self conductance at node a is the sum of the conductances
connected to node a.

Gpb = (1/6 + 1/5 + 1/3) mho the self conductance at node b is the sum of conductances
connected to node b.

Gap =-(1/3) mho, the mutual conductances between nodes a and b is the sum of the
conductances connected between node a and b.

Similarly Gpa = -(1/3), the sum of the mutual conductances between nodes b and a.

[,=10/1 =10 A, the source current at node a,



1,=(2/5 + 5/6) = 1.23A, the source current at node b.
Therefore, the nodal equations are
1.83V;0.33V,=10 (3.47)

-0.33V#+0.7V,= 1.23 (3.48)
3.7 SUPERNODE ANALYSIS

Suppose any of the branches in the network has a voltage source, then it is dlightly difficult to
apply nodal analysis. One way to overcome this difficulty is to apply the supernode
technique. In this method, the two adjacent nodes that are connected by a voltage source are
reduced to a single node and then the equations are formed by applying Kirchhoff’s current
law asusual. Thisis explained with the help of fig. 3.19

V1 V2 + _ V3
W [2 \_/ 3
Rz VX
| QD R; R3 R4 Rs
— Vy
4
FIG 3.19

Itisclear from the fig.3.19, that node 4 is the reference node. Applying Kirchhoff’s current
law at node 1, we get

|:(V1/R1 ) + (Vl-Vz)/Rz

Due to the presence of voltage source V, in between nodes 2 and 3 , it is slightly
difficult to find out the current. The supernode technique can be conveniently applied in this
case.

Accordingly, we can write the combined equation for nodes 2 and 3 as under.



(Vz-Vl)/Rz + Vo/R3 + (V3-Vy)/R4 +V3/Rs= 0
The other equation is
V2-V3 :VX

From the above three equations, we can find the three unknown voltages.

Example 3.9 Determine the current in the 5 Q resistor for the circuit shown in fig.

3.20
2Q
Vi \'Z +— V3
20V
1Q 5Q 2Q
QDI.O A3Q
10V fig. 3.20
Solution. At node 1
10= V4/3 + (V1-V2)/2
Or V4 [1U3+1/2]-(V2/2)-10=0
0.83V1-0.5V,-10=0 (3.49)
At node 2 and 3, the supernode equation is
(V2-V)I2+ Vo1 + (V310)/5+V3y/2=0
Or —Vi/2 +V,[(1/2)+1]+ V4[1/5 + 1/2]=2
Or -0.5Vi+ 1.5V,+0.7V3-2=0 (2.50)

The voltage between nodes 2 and 3 is given by

V,-V3=20 (3.51)



Chapter-04

NETWORK THEORM

INTRODUCTION

This chapter introduces a number of theorems that have application throughout the field of
electricity and electronics. Not only can they be used to solve networks such as encountered
in the previous chapter, but they also provide an opportunity to determine the impact of a
particular source or element on the response of the entire system. In most cases, the network
to be analyzed and the mathematics required to find the solution are smplified. All of the
theorems appear again in the analysis of ac networks. In fact, the application of each theorem
to ac networksis very similar in content to that found in this chapter.

The first theorem to be introduced is the superposition theorem, followed by Thévenin's
theorem, Norton's theorem, and the maximum power transfer theorem. The chapter
concludes with a brief introduction to Millman’s theorem and the substitution and reciprocity
theorems.

SUPERPOSITION THEOREM

The superposition theorem states that “ The current through, or voltage across, any
element of a network is equal to the algebraic sum of the currents or voltages produced
independently by each source.”

In other words, this theorem allows us to find a solution for a current or voltage using
only one source at a time. Once we have the solution for each source, we can combine the
results to obtain the total solution. The term algebraic appears in the above theorem statement
because the currents resulting from the sources of the network can have different directions,
just as the resulting voltages can have opposite polarities.

If we are to consider the effects of each source, the other sources obviously must be
removed. Setting a voltage source to zero volts is like placing a short circuit across its
terminals. Therefore, when removing a voltage source from a network schematic, replace it
with a direct connection (short circuit) of zero ohms. Any internal resistance associated with
the source must remain in the network.

Setting a current source to zero amperes is like replacing it with an open circuit. Therefore,
when removing a current source from a network schematic, replace it by an open circuit of
infinite ohms. Any internal resistance associated with the source must remain in the network.

The above statements areillustrated in Fig.

—
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e ot ]
- -
FIG. 9.1
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EXAMPLE 9.1
a. Using the superposition theorem, determine the current
through resistor R2 for the network in Fig. 9.2.
Solutions:
In order to determine the effect of the 36 V voltage source,
the current source must be replaced by an open-circuit
equivalent as shown in Fig. 9.3. The result is a simple series
circuit with acurrent equal to

e -IF: o —r = 36V — = -Erj ."I- —= 13

- Ry Ry + R 1200 + 6 1] 1% 1)

Examining the effect of the 9 A current source requires replacing
the 36 V voltage source by a short-circuit equivalent as shown in
Fig. 9.4. Theresult isaparallel combination of resistors R1 and 2.
Applying the current divider rule resultsin

Ry  (120)X9A) 6
RR+R 1R2O+60O
Since the contribution to current 12 has the same direction for

each source, as shown in Fig. 9.5, the total solution for current 12
is the sum of the currents established by the two sources. That is,

Ij= e L_:=2;'!'L—EI5;=H!L

5=

EXAMPLE 9.2 Using the superposition theorem, determine the

current through the 12 Q resistors in Fig. 9.8. Note that this is a two-source network of the
type examined in the previous chapter when we applied branch-current analysis and mesh
anaysis.

. a8
Llvauge e saperpoaiion Mresrvan o delenui il

el g ae 12 0F revaofenrd E cmmmie W2

Solution: Considering the effects of the 54 V source requires replacing the 48 V source by a
short-circuit equivalent as shown in Fig. 9.9. The result is that the 12 Q and 4 Q resistors are
in parallel. Thetotal resistance seen by the source is therefore,

=R +E|LE=2#40+RZO4D0=H0+30=7TT0
znd the source current is

vl Y
S T
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Using the current divider rule resuliz in the contribution 1o £ doe to the
b % I T, 1T T

, R.d, {4 DN A)
B =

=05 A

T Re+ Ry 40+ 120

If we now replace the 34 V source by a short-circuit equivaleat, the
metwork in Fig 9.10 resulis, The result s a parallel connection for the
12 11 and 24 £} resistors.

Therefore, the tolnl resisiance seen by the 48 WV source is

Rr=Ra+ Rjf=40+120124{ =411 + 8} =120}

l":I H'.
A

41

X

T TLY banery reploced
by short Girguin

FliiG. 5.10
[isdag e superposition therem fo defermiing the effect of the 48 V valtage source oo curresid [ ln Filg 908

ang the starce currenl is

E, 48 Y
[ =—2=""=4A
Ry 1201
Applying the current divider nile resulis in

. B (2114 A)
TR R MO+ 120

= 1HT A

It is now important (o realize that curvent fy doe o ench source has a
different direclicm, as shown o Fig: 9.1 1. The net cumment therefore is the
difference of the two and bn the direction of the larger as follows

FIG. 8.11

; ; Lisiing the rexmlts of Figs. @8 and & 10 fo determine
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EXAMPLE 9.3 Using the superposition theorem, determine current 11 for the network in

. g

Fiz. B.12
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Solution: Since two sources are present, there are two networks
to be analyzed. First let us determine the effects of the voltage
source by setting the current source to zero amperes as shown
in Fig. 9.13. Note that the resulting current is defined as 11’
because it is the current through resistor R1 due to the voltage
source only.
Due to the open circuit, resistor R1 isin series (and, in fact, in FG. 8.13
parallel) with the voltage source E. The voltage across the — feermimig the affoct uf the 50V napply on the
resistor is the applied voltage, and current |1’ is determined by R Iy W g

¥ E v

II:FI_H_I:ﬁ: 5 A

Now for the contribution due to the current source.
Setting the voltage source to zero volts results in the
network in Fig. 9.14, this presents us with an
interesting situation. The current source has been
replaced with a short-circuit equivalent that is
directly across the current source and resistor R1.
Since the source current takes the path of least
resistance, it

chooses the zero ohm path of the inserted short-
circuit equivalent, and the current through R1 is zero FIG. 9.14

amperes. This is C|ear|y demonstrated by an Lietermining B effect af the 2 A currenl xownce on
application of the current divider rule as follows: the current 1y in Fig. 9.02.

R Q)
R.+R 0Q+60Q

i =0A

Since £ amd £ have the same defioed direction in Figs, 913 sl 9,14,
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9.3 THEVENIN'S THEOREM

The next theorem to be introduced, Thévenin’s theorem, is probably one of the most
interesting in that it permits the reduction of complex networks to a simpler form for analysis
and design.

In general, the theorem can be used to do the following:

» Analyze networks with sourcesthat are not in series or parallel.

* Reduce the number of components required to establish the same characteristics at the
output terminals,

* Investigate the effect of changing a particular component i

on the behaviour of a network without having to analyze the #f

entire network after each change. Ry

& (]

All three areas of application are demonstrated in the examples
to follow.
Thévenin's theorem states the following:

Any two-terminal dc network can be replaced by an
equivalent circuit
consisting solely of a voltage source and a series resistor as

shown in FIG. 9.23

Fig. 9.23. T R ey
The theorem was developed by Commandant Leon-Charles Thévenin equivalent circuit.

Thévenin in 1883 as described in Fig. 9.24.

To demonstrate the power of the theorem, consider the
fairly complex network of Fig. 9.25(a) with its two sources and
series-parallel connections.

The theorem states that the entire network inside the blue shaded
area can be replaced by one voltage source and one resistor as
shown in Fig. 9.25(b). If the replacement is done properly, the
voltage across, and the current through, the resistor RL will be the
same for each network. The value of RL can be changed to any

FIG. 3.24
Levm-Clhartes T venii.
Eoomimesy ol phig Bl g !:I.'Il-«."'

['\.ll:rn: cliszhigiic, Fania, Froao:




value, and the voltage, current, or power to the load resistor is the same for each
configuration.

Now, thisisavery powerful statement—one that is verified in the examples to follow.

The guestion then is, How can you determine the proper value of Thévenin voltage and
resistance? In general, finding the Thévenin resistance value is quite straightforward. Finding
the Thévenin voltage can be more of a chalenge and, in fact, may require using the
superposition theorem.

Fortunately, there is a series of steps that will lead to the proper value of each parameter.
Although a few of the steps may seem trivial at first, they can become quite important when
the network becomes complex.

Thévenin’s Theorem Procedure
Preliminary:
1. Remove that portion of the network where the Thévenin equivalent circuit is found. In
Fig. 9.25(a), this requires that the load resistor RL be temporarily removed from the
network.
2. Mark the terminals of the remaining two-terminal network. (The importance of this step
will become obvious as we progress through some complex networks.) RTh:
3. Calculate RTh by first setting all sources to zero (voltage sources are replaced by short
circuits and current sources by open circuits) and then finding the resultant resistance
between the two marked terminals. (If the internal resistance of the voltage and/or current
sources is included in the original network, it must remain when the sources are set to
zero.) ETh:
4. Calculate ETh by first returning all sources to their original position and finding the
open-circuit voltage between the marked terminals. (This step is invariably the one that
causes most confusion and errors. In all cases, keep in mind that it is the open-circuit
potential between the two terminals marked in step 2.) Conclusion:
5. Draw the Thévenin equivalent circuit with the portion of the circuit previously removed
replaced between the terminals of the equivalent circuit. This step is indicated by the
placement of the resistor RL between the terminals of the Thévenin equivalent circuit as
shown in Fig. 9.25(b).

s
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EXAMPLE 9.6 Find the Thévenin equivalent circuit for the network in
the shaded area of the network in Fig. 9.26. Then find the current through
Ry for values of 2 {3, 10 £}, and 100 ).

FIG. 226
Farddiple Bk




Solutiocn:

e F gored 20 These produce the network in Fig, 927, Maoke that the Deacd
(NS | R_- b b removed amnd the veo :'1:||.|-|\.‘|||||_:" peinkinals have been
= e s o @i Jr

Kre ¥ 1. R."'l'l:ll."llll.: thie l\-..-l!.l!l_-r 2OLTOE with: i shori-cirewit (=R TR wlerl

viglds the network in Fig. 9.280a), where

oy

Flis, B H
IRl riiming Byy fonr ifie e vork-dg Fip 2k FIG. 9.27
el Py Hive Yy ity o i e ropliyir
The importance of the two marked torminals now begins o surface raparrteinee whiew appdveig

'l-l:l.":\- pre ithe twa ermiinals across which the Thévenin resisiance s TH Fmve i b R
micasured, Tt 18 no longer the otal resisance ps seen by the soeres, s
determiinad in the nufority of procsleints ol Chapiee 7. I8 some dififGculoy
develops when determining Ky wath regard 1o shether the pesistve
eloments are in serics or parallel. consider recalling thot the ohmmeter
wemds oul a mrickle cunmenl- inlo g reésietve consbinniion wnd senscs the

level of the resulting voltage to establish the measured resistance
level. In Fig. 9.28(b), the trickle current of the ohmmeter approaches
the network through terminal a, and when it reaches the junction of R1
and R2, it splits as shown. The fact that the trickle current splits and
then recombines at the lower node reveals that the resistors are in
parallel as far as the ohmmeter reading is concerned. In essence, the
path of the sensing current of the ohmmeter has revealed how the
resistors are connected to the two terminals of interest and how the
Thévenin resistance should be determined. Remember this as you
work through the various examples in this section. S e e
Sep 4: Replace the voltage source (Fig. 9.29). For this case, the X
opencircuit voltage ETh is the same as the voltage drop across the 6 Q [}
resistor. byt =,
Applying the voltage divider rule gives _ |
—H'.hl— = - :El-"— =i\ i, 830

H_- ¥ |':|:| Ll 8 ¥ L Swbawashry oy The rrum ppamalbeni ol bu ihe
el coereal o & G Vig 93

kl'l =

Tt i p;iﬂiru-!._:.rl:'. imporian o recognize that E.q i= the r'-|'h:r|-rin'|.|i1
el pal Bl [rodnle 47 arid B, Remember that an SRR CEREUEL Can
bsrve any voltage acress [ but the current must be poro. L fact, the cur-
renl through any element in series with the open circull must be zer
alscy, The use of a valtmeter 1 measire Fq pppears in Fige 830 Note
that it is rll:n;ml ﬂ:.'rm'll:-' neross the resistar ﬁ'_- < inice ."-'-..I,. ancd 1.-'*._ mre in
|'h.i||a|ﬂ|_"'|

Step 5: {Fig. 9:31):

28
— 16 4);
B L1 — = (b6 A
Il Thévenin's theorem were ungyvailable, ench change in K, woald

PRk tht e entiie network bn 1—'|]L: 0.7 b reecambned o Fmd the
mew vidue of 8




EXAMPLE 9.7 Find the Thévenin equivalent circuit for the network in the shaded area of
the network in Fig. 9.32.

Solution:

Sepsland 2: SeeFig. 9.33.

Sep 3: See Fig. 9.34. The current source has been replaced with an open-circuit equivalent
and the resistance determined between terminals a and b.

In this case, an ohmmeter connected between terminals a and b sends out a sensing current
that flows directly through R1 and R2 (at the same level). The result isthat R1 and R2 are in
series and the Thévenin resistance is the sum of the two,

R“'r = HJ T H__—Lll -+ 2!1 = 'ﬁﬂ-

R

FIG. 9.33
Establishing the terminals of particular
inferést for the network in Fig. 942,

FIG. 9.32
Example 9.7

R é-s-: |

HiG. 5.34 i, 835 FlG, 9.36
Dhetenminiig B for tha aehert: Dletermmining B for e network Sanhari i e Tievenin ogivalem oircwdl o tee
W Fip. 0 11 (LI 1 | e ERTE rar IV e resAaE Ma e o W42

Sep 4. See Fig. 9.35. In this case, since an open circuit exists between the two marked
terminals, the current is zero between these terminals and through the 2Q resistor. The
voltage drop across R2 is, therefore,
V2=I12R2=(0)R2=0V
and ETh=V1=11R1=IR1=(12A)(4 ) =48V
Sep 5: SeeFig. 9.36. g,
EXAMPLE 9.8 Find the Thévenin : A
equivalent circuit for the network in bo A0
the shaded area of the network in Fig. |
9.37. Note in thisexample that thereis ~ "i="" "=§
[ 1Y

no need for the section of the network
to be preserved to be at the “end” of |
the configuration.

FiG. 9.37




Solution:
Seps1and 2: SeeFig. 9.38

HG, 9.38

Felentifving e reversinels of peirticedor intevest for the nefwork in Fig, 937,

Circun redean:
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-
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FiG. 9.39

Determining By for the netvork o Fig. 948

Sep 3: See Fig. 9.39. Steps 1 and 2 are relatively easy to apply, but now we must be careful

to “hold” onto the terminals a and b as the Thévenin resistance and voltage are determined. In

Fig. 9.39, al the remaining elements turn out to be in paralel, and the network can be
redrawn as shown. We have

(6 024 (1) 24 ()
H . = H R\ = ¥ = == 11-4 -’l-'-’-l
I T R0+ 40 1)

[
Ay

FIG. 9.41
FiiG. 9 40 Netwvork of Fre, U4 pedrowin,
Determiming Lop for de netwaork im Fig. 508
Sep 4: See Fig. 9.40. In this case, the network can be redrawn as shown in Fig. 9.41. Since
the voltage is the same across parallel elements, the voltage across the series resistors R1 and
R2isEL, or 8 V. Applying the voltage divider rule gives

By = = = = 48V
MOR AR 60 +40 10




Sep 5: SeeFig. 9.42.

EXAMPLE 9.9 Find the
Thévenin equivalent circuit for the
network in the shaded area of the
bridge network in Fig. 9.43.

FIG. 9.42
Subistituting the Thévenin eguivaleni circudi for the
metwork external o the resistor By in Fig. ¥.37.

r-l\]ﬁ_{*’ﬁ“x 3
P .L.'_}"l\
'\:\ - b —

'
: 3 H:?:xf i
.'.--.

Ly A

FIG. 9.44
FG. 5.43 dadentifvime dhe tepminaly of particular mteeest for fhe
Exampie 9.9, netwirrk m Fig, 945,

Solution:

Sepsland 2: SeeFig. 9.44.

Sep 3. See Fig. 9.45. In this case, the short-circuit replacement of the voltage source E
provides a direct connection between ¢ and c_in Fig. 9.45(a), permitting a “folding” of the
network around the horizontal line of a-b to produce the configuration in Fig. 9.45(b).

||I‘|.ll .‘I\.... 3 .Il:lil_l .Il'l?_l
= 6030 + 40120
2} + 302 =54}

FG. 9.45
."u'r.-.fl.'r'lr_:,:_;"r-r ﬁ'm_ll'.'.u e metwork in f".;_l_-. o,




Step 4: The circuit 1s redrawn 1in Fig. 9.46. The absence of a direct con-
nection between g and £ results in a network with theee parallel branches.
The voliages ¥, and Vs can therefore be determined using the voltage
divider rule:

RE (6 OAN72 V) 432V

¥ = — = == — 48V
' R, + Ry 66 = 30 9

R E (12 272 V) Rod V

54 %

FIG. 9.46
Determining Eq, for the network in Fig, 944,

W

Assuming the polanity shown for Eppy and applying Kirchho s volt -
e D 1o the top loop an the clockwise direclion mesilis n
+ W -¥K=0
angd = 14 =5y —48V=n8Y

-+
'
=

Step 50 5ee Fig. 947,

EXAMPLE 9.11 For the network of Fig. 9.54,
a. Find the Thévenin equivalent circuit for the
portion of the network in the shaded area.

b. Reconstruct the network of Fig. 9.54 with the
Thévenin equivalent network in place.

c. Using the resulting network of part (b) find
the voltage Va.

Solutions:

a. Seps1and 2: SeeFig. 9.55.

Sep 3: SeeFig. 9.56.

Ry =120[d0+60)=120]100 =3

Sep 4: Applying the superposition theorem, we will first find the
effect of the voltage source on the Thévenin voltage using the network
of Fig. 9.57. Applying the voltage divider rule:

12 (18 V) 216
6N +40+ 120 22

Enm = V=981V
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FIG. 9.55 FIG. 8.55
Eitahlisleing e ferpninely of iferes! Dreterminini i By
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FIG. 8.58 FIG. 9.57
Betivevaarigiveg thee covtribuiien of { o Digtermming the coteibteonr af E) oo B

T coamrabiition Jise & e clirresnl soorce 15 detemmmmmeil li‘\-illl: 1he:
netwogrk ol i'|; L SE b recdrawen s show' i in :—'|'l_'. Q 5k, -"||'r|1]_'.-:-|:g
the corrent divider rule;

1Lk i2 A0 H
"= = A= [Li0d 4

4140 + 1811 i
amil Eiy = P2 0= —iD5364 A2 05

w0 Thal .f-:'”I - i-]-. - f-]ﬁ — 0.8V — 43TV

o The reconsiructed petwork i shown m Fig. 9549,
[lsime the voltnee (hvider mide

Thevein eguivulen =
BILG45Y 4+ 16V) B(21.45 i
JEq. 5V +16V) _ B@I4R) o I_q\,-' 1276V FG. 959
54500 + 8.1 1345 A Applving the Théverdr equivalent netwerk to the
nefwork af Fip, 954,

Instead of usng the superpositon theorem, the current source could Farst
have been cenvered o a vollase source and (he series elemerts com-
hined 1 determine the Thévenin voltage: In any event bocth approaches
wotlel ave nielded the sume resalts,




9.4NORTON'STHEOREM

Any two-terminal linear bilateral dc network can be
replaced by an

equivalent circuit consisting of a current sourceand a
parallel

resistor, as shown in Fig. 9.65.

FiG. 9.64
Edward L. Norton,
REeprinted with the permissio of
FIG. 9.65 Lucant Technologies, Inc/Bell Labz,
Norton equivalent circuil.

The discussion of Thévenin's theorem with respect to the equivalent circuit can aso be
applied to the Norton equivalent circuit. The steps leading to the proper values of IN and RN
are now listed.

Norton’s Theorem Procedure

Preliminary:

1. Remove that portion of the network across which the Norton equivalent circuit isfound.
2. Mark the terminals of the remaining two-terminal network.

RN:

3. Calculate RN by first setting all sources to zero (voltage sources are replaced with short
circuits and current sources with open circuits) and then finding the resultant resistance
between the two marked terminals. (If the internal resistance of the voltage and/or current
sources is included in the original network, it must remain when the sources are set to
zero.) Since RN _ RTh, the procedure and value obtained using the approach described for
Thévenin’stheorem will determine the proper value of RN.

IN:

4. Calculate IN by first returning all sources to their original position and then finding the
short-circuit current between the marked terminals. It is the same current that would be
measured by an ammeter placed between the marked terminals.

Conclusion:

5. Draw the Norton equivalent circuit with the portion of the circuit previously removed
replaced between the terminals of the equivalent circuit.

The Norton and Thévenin equivalent circuits can also be found from each other by using the
source transformation discussed earlier in this chapter and reproduced in Fig. 9.66.

Converting between Thevenin and Norton eguivalent circuels.




FiG. 5.68
Identifviag the lermirals of paricalar interest for
the nebwork im Fig. 967

R I
Wy
3k

mTen “wy

F

AG. 9.69
Dieferminiap Ry for the netdork in Fig. 068

@-‘;1 A SRy =10
|
—

FIi3, 3.71
SalfrEniiaiin g 0 ot egqaiivil @ ir o reuat o D
penwank extemal fo the resistor By in Fip. R67.

EXAMPLE 9.12 Find the Norton equivalent circuit for
the network in the shaded areain Fig. 9.67.

Solution:

Seps1and 2: SeeFig. 9.68.

Sep 3: SeeFig. 9.69, and

=Ryl L B0

Sep 4. SeeFig. 9.70, which clearly indicates that the
short-circuit connection between terminalsaand bisin
parallel with R2 and eliminates its effect. IN is therefore
the same as through R1, and the full battery voltage
appears across R1 since

W=LE =6l =0V
TI‘II."I'I!"'|.1'I|'-:."'_
gy

= —— 3,
in S

Sep 5: SeeFig. 9.71. Thiscircuit isthe same as the first
one considered in the development of Thévenin's
theorem. A simple conversion indicates that the
Thévenin circuits are, in fact, the same (Fig. 9.72).

I ; iy Short

= =
-

:
=
-

Short cireusted -

FIG. 9.70

Dretermining B for the netwark in Fip, 968

FiG, 873
Ciiverinng Line NorTom st Circalt gl Fig 9.7 0 oa
TTrevarnis |'.“'-.'.I|!|'1':.'.'|. iF el

EXAMPLE 9.13 Find the Norton equivalent circuit for the network
externa tothe 9 _resistor in Fig. 9.73.

Solution:
Sepsland 2: SeeFig. 9.74.




FIG. 9.73 FIG. 9.74
Example 13 Furn'r.'r.:.'_‘u'nh the fermitriils of
' martiraler mfenesd for e nepvark
Fig. &7,

."lll':-'ll.l Jr Qoo l"'u-_; 978 and
By=R +R=50+4l =74}

Step <0 -As shown in Fig. 976G, the Norlon current is the same as the cur-
rent throwgh the 4 1) resistor. Applyving the current divider rule gives
) (54010 &) S0 A =
: = ! - = = 556 A
B +8B S8+410 9

Fen 5:8ee Fe. 077

Iy

Fiz 9.76

rk_'lu |||r'||_:_|||_- Ir'. .'-' i L HETIARE | A J'_l'g' 07

AT
Alerwark exiemal W ke resistor By dn Filg. 973,

i

FiIG. 5.75
[.h_‘.'.-'mlm.lrrg H‘.,-_,'.rlr fhe mefwork in
Fryg G274

336A my=i0 R Zon

-

HG. 8.77

ety et Nt SUELARENT CirCid foF e

EXAMPLE 9.14 (Two sources) Find the Norton equivalent circuit for the portion of the

network to the left of a-b in Fig. 9.78.

i

B, = a0
rC*Ds.a. Rziiﬁ.n 7, :,':’

e

"F

FIG. 2,79
Fdentrhyinyg the ferminals of prritoalar nieresi
fier it vietwork i Fie. 75,

Solution:
Steps I amd 2: See Fig, 979
Srep 3 See Flg, 980, and

L _MO¥sn) _ 240
By =K ||F=411 a6l = a0 - 60 10 = 2 i)

Step 4 (Using superposition) For the 7V battery (Fig. 9813

¢

FIG. 9,78
Exmple %14,
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i For the B A sonrce (Fig, 9.82), we find that both £, and .'-'.'_1 hnve been
ng LIl & “shor clacuited” by the direct connection between a amd b, and

fr=f=8A

The resuli is

1L75 A = hid A
. FIIG 9.8 Siep 5- See Fig, 943
Ihesermiining the condribution io Iy from fhe volfage

LTATV o f.;

9.5 MAXIMUM POWER TRANSFER S chuied
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FIG. 0.82
FIG. 9.83 Peterminine the cowiribadioe &0 L from fise arromd
Nubrsrituting dhe Newdown equeivanderd circuit o Bee nehwerk fo e Agft of s |
fermindy o-F am Fig. 278
THEOREM
When designing acircuit, it is often important to be able to answer one of the following
guestions:
What load should be applied to a system to ensure that the load is receiving maximum
power from the system?
Conversely:
For a particular load, what conditions should be imposed on the source to ensurethat it
will deliver the maximum power available?
Evenif aload cannot be set at the value that would result in maximum power transfer, it is
often helpful to have some idea of the value that will draw maximum power so that you can
compare it to the load at hand. For instance, if adesign callsfor aload of 100 Q, to ensure
that the load receives maximum power, using aresistor of 1 Q or 1 k Q resultsin a power
transfer that is much less than the maximum possible.
However, using aload of 82 Q or 120 Q probably resultsin afairly good level of power
transfer. Fortunately, the process of finding the load that will receive maximum power from a
particular system is quite straightforward due to the maximum power transfer theorem,
which states the following:
A load will receive maximum power from a network when itsresistance is exactly equal to
the Thévenin resistance of the network applied to the load. That is,

In other words, for the Thévenin equivalent circuit in Fig. 9.84, when the
load is set equal to the Thévenin resistance. the load will receive maxi-
mum power from the network.

Using Fig. 9.84 with Ry = Ryq;. we can determine the maximum
power delivered to the load by first finding the current:

— ETh — ETH — E‘Da
Rrw + Rt Rpw + Rmn 2Rm

/3

FIG. 9.84
Then we substitute into the power equation: Defining the conditions for maximum power to a
2 load using the Thévenin equivalent circuit.
Epn Ry,

- p2p - (EmY —
Py = IiRy = SR (Ryy) = ARZ
Th Th




Ef

= 9.3
e 9.3)

and PLM

The total power delivered by a supply such as ETh is absorbed by both the Thévenin
equivalent resistance and the load resistance. Any power delivered by the source that does
not get to theload islost to the Thévenin resistance.

Under maximum power conditions, only half the power delivered by the source getsto the
load. Now, that sounds disastrous, but remember that we are starting out with afixed
Thévenin voltage and resistance, and the above simply tells us that we must make the two
resistance levels equal if we want maximum power to the load. On an efficiency basis, we are
working at only a’50% level, but we are content because we are getting maximum power out
of our system.

The dc operating efficiency is defined as the ratio of the power delivered to the load (PL) to
the power delivered by the source (Ps). That is,

F
n% = - X 100% 9.4)

X

For the situation where R; = Ry,

IiR; Ry
n% = —— X 100% = — X 100% =
IRy Ry Ry, +
2Ry,

1
X 100% EX 100% = 50%

If efficiency isthe overriding factor, then the load should be much larger than the internal
resistance of the supply. If maximum power transfer isdesired and efficiency less of a
concern, then the conditions dictated by the maximum power transfer theorem should

be applied.

A relatively low efficiency of 50% can be tolerated in situations where power levels are
relatively low, such asin awide variety of electronic systems, where maximum power
transfer for the given system is usually more important. However, when large power levels
are involved, such as at generating plants, efficiencies of 50% cannot be tolerated. In fact, a
great deal of expense and research is dedicated to raising power generating and transmission
efficiencies afew percentage points. Raising an efficiency level of a 10 MkW power plant
from 94% to 95% (a 1% increase) can save 0.1 MkW, or 100 million watts, of power—an
enormous saving. In all of the above discussions, the effect of changing the load was
discussed for afixed Thévenin resistance. Looking at the situation from a different viewpoint,
we can say

if theload resistanceis fixed and does not match the applied Thévenin equivalent
resistance, then some effort should be made (if possible) to redesign the system so that the
Thévenin equivalent resistance is closer to the fixed applied load.

In other words, if adesigner faces a situation where the load resistance is fixed, he or she
should investigate whether the supply section should be replaced or redesigned to create a
closer match of resistance levels to produce higher levels of power to the load.




For the Norton equivalent circuit in Fig. 9.90, maximum power will be delivered to the load

when ,

RL=RN
Thisresult [Eq. (9.5)] will be used to its
fullest advantage in the analysis of transistor
networks, where the most frequently applied
transistor circuit model uses a current source
rather than a voltage source.
For the Norton circuit in Fig. 9.90,

LRy

LJ'D ax 4

(W) 9.6

To demonstrate that maximum power is FIG. 9.90
indeed transferred to the load Definine 1l diti . ower t
under the conditions defined above, consider fining “f? condt ’fmsf or ma_‘um”mﬁ _GH ﬁ_? 0a
the Thévenin equivalent circuit in Fig. 9.85. load using the Norton equivalent circuit.
Before getting into detail, however, if you R, p
were to guess what value of RL would result in — MA———— / g
maximum power transfer to RL, you might think °o0 1)
that the smaller the value of RL, the better it is . gR ;
because the current reaches a maximum when it LoL
is squared in the power equation. The problem
is, however, that in the equation PL = | 2
LRL, the load resistance is a multiplier. As it gets
smaller, it forms a smaller product. Then again, FIG. 9.85
you might suggest larger values of RL because Thévenin equivalent network to be used to validate
the output voltage increases, and power is the maximum power transfer theorem.
determined by PL = V 2 L /RL. This time,
however, the load resistance is in the denominator of the equation and causes the resulting
power to decrease. A balance must obviously be made between the load resistance and the
resulting current or voltage. The following discussion shows that
maximum power transfer occurs when the load voltage and current are one-half their
maximum possible values.
For the circuit in Fig. 9.85, the current through the load is determined by

EiE f'-_.,:. GO Y

L Rm+ R, OO+ R,

The voltage is determinad by

v i) Ea FLLE LR
LR Ry R+ Ry

i

and the [revsied I

¥ i
? / AE00R
_ll':| Ee JIJ'H'I = R oo i ALY "|"1._I L — —
(00 + R)»7
I weie tabulate the three guantities versus a range of valoes for By, from
.1 £F fo 30 LY. we obtain the results appearing in Table 9.1, Mote in
particular that when Ky is egual 1o the Thévenin resistance of 9 £, the




power has a maximum value of 100 W, the current is 3.33 A, or one-half its maximum value
of 6.67 A (as would result with a short circuit across the output terminals), and the voltage
across the load is 30 V, or one-half

its maximum value of 60 V (as would result with an open circuit across its output terminals).
As you can see, there is no question that maximum power is transferred to the load when the
load equal s the Thévenin value.

The power to the load versus the range of resistor values is provided in Fig. 9.86. Note in
particular that for values of load resistance less than the Thévenin value, the change is
dramatic as it approaches the peak value. However, for values greater than the Thévenin
value, the drop is a great deal more gradual. This is important because it tells us the
following:

If the load applied is less than the Thévenin resistance, the power to the load will drop off
rapidly as it gets smaller. However, if the applied load is greater than the Thévenin
resistance, the power to the load will not drop off as rapidly asit increases.

In all of the above discussions, the effect of changing the load was
discussed for a fixed Thévenin resistance. Looking at the situation from
a different viewpoint, we can say

if the load resistance is fixed and does not match the applied

T Thévenin equivalent resistance, then some effort should be made (if

R H§ g"":l _ Ry possible) to redesign the system so that the Thévenin equivalent
resistance is closer to the fixed applied load.

In other words, if a designer faces a situation where the load resistance is
fixed. he or she should investigate whether the supply section should be
replaced or redesigned to create a closer match of resistance levels to
FIG. 9.90 produce higher levels of power to the load.
Defining the conditions for maximum power to a For the Norton equivalent circuit in Fig. 9.90, maximum power will
load using the Norton eguivalent circuit. be delivered to the load when

09

This result [Eq. (9.5)] will be used to its fullest advantage in the analysis
of transistor networks, where the most frequently applied transistor
circuit model uses a current source rather than a voltage source.

For the Norton circuit in Fig. 9.90,

IER
P =2 o)

EXAMPLE 9.15 A dc generator, battery, and laboratory supply are
connected to resistive load Ry in Fig. 9.91.

a. Foreach, determine the value of K; for maximum power transfer to K;.
b. Under maximum power conditions, what are the current level and
the power to the load for each configuration?

. What iz the efficiency of operation for each supply in part (b)?

. If a load of 1 k{} were applied to the laboratory supply, what would
the power delivered to the load be? Compare your answer to the
level of part (b). What 1s the level of efficiency?

. For each supply, determine the value of R; for 75% efficiency.




Riy = 0.05 02

gRL §RL

+ +
E =12V E

ia) dc generator ib) Battery ic) Laboratory supply

FIG. 9.91
Example 9.15.

Solutions:
a. For the dc generator,

RL = Rn, = R.inr =254

For the 12 V car battery,
Ry = Rp, = Ry, = 0,05 L)
For the dc laboratory supply.
Ry = Ry, = R, = 2042
. For the dc generator,

p Ef _ E*  (120V)
lom ™ ARL T 4R, 4(2.5 1)

= 144 kKW

For the 12 'V car battery,

b Ep,  EX 0 (12w)?
Pmx ™ ARn 4R, 4(0.05 Q)

= T20 W

For the dc laboratory supply.

p _ Eh _ E? _ (4OV)
Lo ™ 4R 4R,  4(20 )

= 20W

. They are all operating under a 50% efficiency level because Ky, = Ky,
. The power to the load is determined as follows:

2 4OV 40 V
et et — _ q ] ,
R, + R 200 + 10000 1020 £ 39.22 mA

and P = IR, = (3022 mAY(1000 ©2) = 1.54 W

3

The power level is significantly less than the 20 W achieved in
part (b). The efficiency level is

P 1.54 W 1.54 W
% = L w1000 = —— % 100% = = 1006
T = p ! EI, © T (40 V)(39.22 mA) ¢
_ 154w

15T W

= 100% 98.09 %




which is markedly higher than achieved under maximum power
conditions—albeit at the expense of the power level.

For the dc generator,
_ R
R]"'h + RL
Ky
Rp + Ry,

{7 in decimal form)

'?]:

MRy, + Rp) =
Ky, + gk =
Ri(1 — =)

Ry

zm

R = 075259)
L™ 1-015

For the battery,

_ 0750005 Q)

L= 1 -015 —

For the laboratory supply,

0.75(20 Q)
=T o35 Mo

l :':AMF' E oS TE |I|.- :||:.g|:| i |||. CREET BT |||'Iu.-|l|L .!|_'~I||Iq1| i 1 it
P e v kg in 'Fi'l__l (R i)

1 T 10mA H-' Azl i I‘"||'||‘| Ih;,: Foad resiarance 1hst I\.l\.||| |'-:'u||l BN AT TSI Pl [ |=\.1|_'|

ti thie 1ol snd Firsd thee measbmum povwar delivgnsd

o . IF the bnad were changed to 62 &1, woakd yon expect o fuirly high

bevel ol power transfer 1o the load based on the results of pact (a)?
What wesld the new power level be? 1s your mabial asssmption
'.-:'Il[l-_'\-:|"
If the lond were changed 1o 8.2 kil, would you expect o fmdy high
[zvel ot power tranefer 1o the losd based on the resuhs of poet (27
Whal would the new pewer level be! Is vodr imbal assumghion
verified T

FIiG. 293

- 1
Exramle B

Solutions

i H'|_'|l|;-h 1|=.L I:||.L' CRITENT suiee [y an OPe-Lin Bl 1|I,|il mlim |.;I~.:||"\- i
R = & = 0k
Redonmy the currerd somee and finding the open-circuit voltage al
the cutpid erminals results m
o= Koo IR, = (1mAXH kL) = 400y
For maximom power mramnsler 1o the boad,

Ry = Ry = N kD

withn mavimum power level of

Ep MOV

= —— W

e gRe T 40 kL)




b. Yes, because the 68 ki) load is greater (note Fig. 9.86) than the
40k} load. but relatively close in magnitude.
Ep 7
= e _ 400 v = 400 ~ 37 mA
Ry, + By 40k + 68k(d 108 k{1
P =I7R, = 3. T mAX68 k) = 093 W

I

Yes, the power level of 0.93 W compared to the | W level of part
(a) verifies the assumption.
. No, 8.2 k{} 1s quite a bit less (note Fig. 9.86) than the 40 k{1 value.

__ En 400 V 400V
" Rp, + R, 40kQ) + 82k 48.2k0
P =1IR = (83 mA)82k0Q) = 0.5TW

I = §.3mA

Yes, the power level of 0.57 W compared to the | W level of part (a)
verifies the assumption.




CHAPTER-05

AC CIRCUIT AND RESONANCE

Direct Current

Alternating Current

N

1

t—>

iT ~~—"

{ —b

D)

(2)
3)

(4)

D.C. aways flow in one
direction and whose magnitude
remains constant.

High cost of production.

It is not possible by D.C.
Because D.C. is dangerous to the
transformer.

Its transmission cost is too high.

D

(2)
3)

(4)

A.C. is one which reverse
periodically in

direction and whose magnitude
undergoes a definite cycle changes
in definite intervals of time.

Low cost of production

By using transformer A.C. voltage
can be decreased or increased.

A.C. can be transmitted to a long
distance economically.

Definition of A.C. terms :-
Cycle : It is one complete set of +ve and —ve values of alternating quality

spread over 360° or 2] radan.

Time Period : It is defined as the time required to complete one cycle.
Frequency : It is defined as the reciprocal of time period. i.e. f=1T

Or

It is defined as the number of cycles completed per second.
Amplitude : It is defined as the maximum value of either +ve half cycle or —ve

half cycle.

Phase : It is defined as the angular displacement between two haves is zero.




OR

Two dternating quantity are in v

phase when each pass through their zero I

value at the same instant and also attain v T
their maximum value at the same instant in

agiven cycle. il t—
V=V,snwt
= I, Sinwt

Phase Difference :- It is defined as the angular displacement between two
alternating quantities.
OR
If the angular displacement between two waves are not zero, then that is
known as phase difference. i.e. at a particular time they attain unequal distance.

v .
1

> o— NS

OR

Two quantities are out of phase if they reach their maximum value or
minimum value at different times but always have an equal phase angle between
them.

Here V=V, sinwt

I = Iy sin (wt-¢)

In this case current lags voltage by an angle“¢’.

Phasor Diagram :
Generation of Alternating emf :-

Consider arectangular coil of ‘N” turns, area of cross-section is‘A’ nt” is
placed in
x-axis in an uniform magnetic field of maximum flux density Bm web/nt®. The
cail is rotating in the magnetic field with a velocity of w radian / second. At
timet = 0, the coil isin x-axis. After interval of time ‘dt’ second the coil make
rotating in anti-clockwise direction and makes an angle ‘0’ with x-direction.
The perpendicular component of the magnetic field is ¢ = ¢n coswt

According to Faraday’ s Laws of electro-magnetic Induction



Where

e--NY
dt

d
=—N—- (¢, coswt
ot PnCOSW)

=—N(—¢,wcoswt)
= Nwg, sinwt
=272Ng, Snwt (.. w= 2af )
= 27fNB, Asin wt
e=E_ snwt
E,, = 22NB_A
f —>frequency in Hz

Bn— Maximum flux density in Wb/mt?

Now when 0 or wt = 90°
e=E,
l.e. Ey,=2afNB, A

ANV N
. N
T on

N

Root Mean Square (R.M.S) Value:—»

The r.m.s. value of an a.c. is defined by that steady (d.c.) current which
when flowing through a given circuit for a given time produces same heat as
produced by the aternating current when flowing through the same circuit for

the same time.
Sinuscdial alternating current is
I=l,snwt=1,9n0

The mean of squares of the instantaneous values of current over one

complete cycle

T itde
5 (27-0)

The squareroot of thisvalueis

iz de
0 2

2r - 2
_ J'(|mSIn9) do
V 0 27




N
N
3

m_|sin®6.do

I
N
|

—

o

| 227 1—cos20
= | [ —== ldo
\/27{ I')‘( 2 j
\/I 2 2;;( )
= |[-™ | (1-cos26)do
Az -([
~ Lﬁ{e—gnzey”
ar 2 0
2

Il
Q
IN ‘3—
B Ny
O"—.:I
TN
N
B
|

.
=)
NMES
B
~—
o
(Na

N

Il
5
o'—;g’
—~~
N
S
|
(@)
~—

4
L I
2 42
= I =0.707 1|

AverageValue:—»

The average value of an aternating current is expressed by that steady
current (d.c.) which transfers across any circuit the same charge as it transferred
by that alternating current during the sae time.

The equation of the alternating currentis i =1,sin 6

Ti.de
| =
av '!(7[—0)
_ 1304y _In[ging.dp
0 T T 0
:I—”‘[— cosd; :l—m[— cos7 — (cos0’]
T T
|
=-2[1-0(-1)]
T
Iav = %
T

| 2x Maximum Qurrent

av

T
Hence, 1, =0.6371

The average value over a complete cycleis zero



Amplitude factor/ Peak factor/ Crest factor :- It is defined as the ratio of
maximum value to r.m.s value.
_ MaximumValue |

Ka= = =42=1414
RM .SValue I V2

V2
Form factor : - It is defined as the ratio of r.m.s value to average value.
_rmsValue  0.7071 _[2-1.414

~ AverageValue 0.6371
Kf=1.11

Phasor or Vector Representation of Alternating Quantity : —

-

An aternating current or voltage, (quantity) in a vector quantity which
has magnitude as well as direction. Let the alternating value of current be
represented by the equation e = E,, Sin wt. The projection of E,, on Y-axis at
any instant gives the instantaneous value of alternating current. Since the
instantaneous values are continuously changing, so they are represented by a
rotating vector or phasor. A phasor is a vector rotating at a constant angular
velocity

Att,e=E, sinw

Att, e =E, sinwt,

Addition of two alternating Current : —

Let e =E, sinwt
e, = E,, sin(wt—¢) E, E
The sum of two sine waves of the same
frequency is another sine wave of same ®
frequency but of a different maximum value and ' E, >

Phase.

e= \/ef +€ + 2ge, Cos¢
Phasor Algebra:—
A vector quantity can be expressed in terms of
(i)  Rectangular or Cartesian form
(i)  Trigonometric form
(ili) Exponential form



(iv) Polar form

Esin g

E=a+jb
=E(cosé + jsind)

Where a= E cos 0 isthe active part
b = E sin 0 isthe reactive part

0= tan‘l(gj =Phase angle
j =v-1(90°)
j?=-1(180°)
j*=-j(270%
j*=1 (360°)

(i)  Rectangular for :-
E=azxjb
tand=b/a
(i)  Trigonometric form :-
E=E(cosf+ jsinfh)
(ili) Exponential form :-
E=Ee’
(iv) Polar form :-
E=E/+te (E=+a’+b%)
Addition or Subtration :-
E,=a+]b
E,=a+|b,
E+E=(a+&)*(O+b
¢:tan—1[M)
a+a
Multiplication : -
ExE,=(a+ja)+(a+jb)
= (a2, -hb,) + j(aa, +bb,)

Ecose




¢:¢wﬁ{qQ+Q%J

aa, —hbb,

E=EZ6

E,=EZ6,
ExE,=EE, Z¢ +4¢,
Division ;-

E =EZ6

E,=E,Z0,

/0.
S_E2% 5 4,
E, Ex~6, E,

A.C. through Pure Resistance : >
Let the resistance of R ohm is connected across to A.C supply of applied
voltage

S— ]
R —>V
—— MW
J\i
=/
e = Emsin Wt or v = Vmsin wt
L S R (1)
Let ‘I’ isthe instantaneous current .
Heree= iR
=i=€eR
| = EqSIN Wt/ Re-mmmmmm e )

By comparing equation (1) and equation (2) we get alternating voltage
and current in apure resistive circuit are in phase
| nstantaneous power is given by

P=e
=Emsnyv'[2.lmsnwt e=Emsirﬁft
=EnlnSn” wt [ = Imsin wt
_Eilo 2sin’wt

2

E. |
=—" 1 (1-cos2wt

ﬁﬁ( ) ) t—
P:EI—m—EI—m_COSZV\/t

2 V2 2 V2

Vo In V|



VAR T
Where - —m s called constant part of power.
22 p p
\VAR . .
“m _m cos2wt 1S called fluctuating part of power.
NG cos gp P
The fluctuating part %.cosz\/vt of frequency double that of voltage and current
waves.
: \Y/
Hence power for thewholecycleis P=—m.—m
p Y 22

= P=VI watts

A.C through Purelnductance :—
Let inductance of ‘L’ henry is connected across the A.C. supply

o
L I

r =

il

=25
oy

v =Vasin wi

According to Faraday’s laws of electromagnetic inductance the emf induced
across the inductance

VA
. dt vV = Vpsin wt
9 istherate of change of current i =1, sinwi— 7/2)
V., sinwt = L%
di V. sinwt oL
@ L —mp—y T2

=di= \%sinwt.dt
Integrating both sides,
[d =jv—msinwt.dt

L

i V_m(_ cosvvtj

L W




wL
= —ﬁcosvvt
wL
i = —V—msin(wt —Ej
wL 2

_ _V_msm(wt _fj [+ X, = 274L =wL]
X, 2
Maximum valueof i is

| =Ym when sin(vvt—%]is unity.
Hence the equation of current becomesi=1_sin(wt—7/2)
So we find that if applied voltage is rep[resented by v=V_sinwt, then current

flowing in a purely inductive circuit is given by

i=1_sin(wt—7/2)
Here current lags voltage by an angle /2 Radian. A
Power factor =COoS ¢
= cos 90° -
=0
Power Consumed = VI cos¢ 4\,':’
=VIx0
=0

Hence, the power consumed by a purely Inductive circuit is zero.
A.C. Through Pure Capacitance : —»

i=1_sn{wt—mi2)
C .
. v = Vmsin wt
11
T

—~ NS
=) —r—y TP

v = Vmsin wt

Let a capacitance of ‘C” farad is connected across the A.C. supply of applied

voltage
V=V_SINWt ===--==-=memememmemeceeaeeee (1)

Let ‘g = changeon plates when p.d. between two plates of capacitor is‘V’
g=cv

g=cV,snwt



dg d .
P CE (V. sinwt)
I = cV,Snwt
= wcV,, Cos wt
_ Vo _ coswt [~ X, = 1 _ ! isknownas capacitive reactance
Xc wc  2xfc
in ohm.]
=1, coswt
=1 _sin(Wt+7/2)
Here current leads the supply voltage by an angle =/2 radian.
Power factor =COoS ¢
=cos90° =0
Power Consumed =VI cos ¢
=VIx0 =0

The power consumed by a pure capacitive circuit is zero.
A.C. Through R-L SeriesCircuit : —

1
8 (TO00
—HW\
" Vi 3 VI —
Fa ]
L

e=F_=n wt

The resistance of R-ohm and inductance of L-henry are connected in series

acrossthe A.C. supply of applied voltage
e=E_ SiINWt =--===-memmmmmeeeemeoeeenaae (1)

V=Ve+jV,

2w et X
=4Vg +V " ZLg=tan [Rj
:w/(IR)2+(IXL)24¢:tan1(XT!Lj
=1 JRP+X Zg= tan‘l(%)

X Vi=IXo
V=I124¢= tanl(?Lj

Vr=1IR



Where Z = R? + X,

=R+ jX, isknown asimpedance of R-L series Circuit.

V. E,snwt
249 244
| =1_sin(wt —g¢)

Here current lags the supply voltage by an angle ¢.
Power Factor :— Itis the cosine of the angle between the voltage and current.
OR
It isthe ratio of active power to apparent power.
OR
It isthe ratio of resistance to inpedence.
Power :—
=Vl
=V, snwt.l  sin(wt —¢)
=V, I, sinwt.sin(wt — ¢)
- %vm| osinwt.sin(wt - g)

= %le [COS¢g —cos2(wt — ¢)]
Obviously the power consists of two parts.
(i)  aconstant part %le cosg which contributes to real power.

(i)  a pulsating component %lemcos(ZWt—qﬁ) which has a frequency twice

that of the voltage and current. It does not contribute to actual power since its
average value over acomplete cycleis zero.
Hence average power consumed

1
==V_| _cos
2 m' m ¢

Vm Im
:ﬁ.ﬁcow
=VI cos¢g
Where V & | representsther.m.svalue.
A.C. Through R-C Series Circuit : —
The resistance of ‘R’-ohm and capacitance of ‘C’ farad is connected across the

A.C. supply of applied voltage



R C
."""‘ : =
+ Vr s Ve -
()
N
V:VR+(_jVC)
= |R+(—j|XC)
=1(R-jX¢)
V=IZ

Where Z = R- jX. =+/R? + X.? is known as impedance of R-C series Circuit.
Z=R-jX,
\/72
(F:J !
=|Z/ -
\Y;

2 S

E,sinwt
2/—¢

=1 =

E. .
:Zsm(wt+¢)

=1 =1_,sn(wt+¢)

Here current |eads the supply voltage by an angle‘¢’.

A.C. Through R-L-C Series Circuit : —»

Let a resistance of ‘R’-ohm inductance of ‘L’ henry and a capacitance of ‘C’
farad are connected acrossthe A.C. supply in series of applied voltage




- - -

e=Vy+V +V,
=Ve+ VL -1V
=Vg + J(VL _Vc)
=15+ j(IX, = 1X;)
= [R+ j(X| = X¢)]

= 1 JR? + (X, - X,)? Ai¢=wn{§Lé§£j

_1Z/4¢
Where Z=1/R*+(X, - X.)? is known as the impedance of R-L-C Series

Circuit.
If X, > X.,thentheangleis+ve.

If X, <X, thentheangleis-ve.
Impedance is defined as the phasor sum of resistance and net reactance

e=12/+¢
o izsag B Gt g)
77+ 4 77+ 4

(1) If X_> X, then P.f will be lagging.
(2) If X <X, then, P.f will beleading.
(3) If X, =X, then, the circuit will be resistive one. The p.f. becomes unity

and the resonance occurs.

REASONANCE
It isdefined as the resonance in electrical circuit having passive or active
elements represents a particular state when the current and the voltage in the
circuit is maximum and minimum with respect to the magnitude of excitation at
a particular frequency and the impedances being either minimum or maximum
at unity power factor
Resonance are classified into two types.
(1) Series Resonance
(2) Paralel Resonance
(1) Series Resonance :- Let aresistance of ‘R’ ohm, inductance of ‘L’
henry and capacitance of ‘C’ farad are connected in series across A.C. supply




%

e=E_ snwt
The impedance of the circuit
Z=R+ j(XL - Xc)]
Z =R+ (X, - X)*
The condition of seriesresonance:
The resonance will occur when the reactive part of the line current is zero
The p.f. becomes unity.
The net reactance will be zero.

The current becomes maximum.
At resonance net reactanceis zero
X, —Xc=0
= X, = X¢

=>W,L=

1 1
Resonant frequency (f,) = 2 JIC
Impedance at Resonance
Zo =R
Current at Resonance

Power factor at resonance
R R
f=—=—=1 +Z =R
p.f.=—=2 [-Z,=R]

(o]



Resonance Curve :-

Unity p.f.(up.f) ©b

Lagging
P.f

fo fo
At low frequency the X, is greater and the circuit behaves leading and
at high frequency the X, becomes high and the circuit behaves
lagging circuit.
If the resistance will be low the curve will be stiff (peak).
e |f the resistance will go oh increasing the current goes on decreasing and

the curve become flat.
Band Width :—

At point ‘A’ the power lossis I°R.
The frequency isfo which is at resonance.

2
At point ‘B’ the power lossis |02R :

The power loss is 50% of the power loss at point
A

‘A"l Io

Hence the frequencies
corresponding to point ‘B’ is known as half power frequenciesf; & f,.
f, = Lower half power frequency
L
0 aa
F, = Upper half power frequency
R
f,="f,+——
4l
Band width (B.W.) is defined as the difference between upper haf power
frequency ad lower half power frequency.
R

BW.=f,-f=—-
2~ hT o0



Selectivity : >
Selectivity is defined as the ratio of Band width to resonant frequency

Selectivity = BW. _ R Selectivity = R
fo 22 27 L
Quality Factor (Q-factor) :—>

It is defined as the ratio of 2n x Maximum energy stored to energy dissipated
per cycle

27T X ; LI g
-factor =<
Q | °RT

Ay
~I%RT
_a21?
" I%RT
_a21?

| 2RT
24
" RT

Quality factor = = 2”;0"' [= 1|— = fo}

Quality factor is defined as the reciprocal of power factor.

Q factor = = =
Cos ¢

It isthe reciprocal of selectivity.
Q-factor Or Magnification factor

_ Voltage across Inductor.
Voltage across resistor

IOXL
IR
_XL
"R
2L WL
R R

Q- factor = = W;{L

_ Voltage across Capacotor.

~ Voltage across resistor
— IOxc
IR

Q-factor factor




" 24,C 24,CR

Graphical Method :—

(1) Resistance isindependent of frequency It represents a straight line.

(2) Inductive Reactance X = 2rfL

It is directly proportional to frequency. As the frequency increases , X_

Increases

3) Capacitive Reactance X¢c = =——
(3) Cap c AC

f —

It is inversely proportional to frequency. As the frequency increases, X¢
decreases.

When frequency increases, X, increases and X decreases from the

higher value.




fo

- Xc

v

-Xc
At acertain frequency. X = Xc
That particular frequency is known as Resonant frequency.
Variation of circuit parameter in seriesresonance:

(2) Parallel Resonance :- Resonance will occur when the reactive part of the
line current is zero.

= i1
' e
M
At resonance,
|C—|LSin¢=O
lc=1_sing
= Vo v sing
Xe JRP+X.?
:>v B \Y} X L
Xe JR+X? R+X? lLcos 4

- 1 _ 2XL . I}_Sillq) ¢
X R + X, I

= R+ X *=X_ X,

1

0

— 72 = X_.Xc =W,L x



7=t
C
L
SR+ X ==
C
2 2 L
= R +(24A4,L) ==
C
= R® +47° 1,2 _L
C
= 47 f, 212 L g
1 L
= fl=—5-=|--R
° O ax?t 01 [c j
11 R

L o
f, = Resonant frequency in parallel circuit.
Current at Resonance = |, cosg

Vv R

JR+ %2 R+ X2

VR
R?+X,°
_\R
==
VRV

" L/C L/RC
v

- Dynamic Impedence
L/RC — Dynamic Impedance of the circuit.
or, dynamic impedances is defined as the impedance at resonance frequency in
parallel circuit.
Parallel Circuit :—>

The parallel resonance condition:



When the reactive part of the line current is zero.
The net reactanceis zero.
The line current will be minimum.

The power factor will be unity
Impedance Z =R+ jX,

Z,=R, - jX¢
. 1 1
Admittance Y, = —=—"——
Zl R1+JXL
_ (R +jX,)
(Rl+jXL)(Rl_jXL)
_R+IX,
R12+XL2
. X
Yl: le 713 - 2
RP+X." "RI+X,
Admittance v, = 1 —1_
ZZ Rl+JXC
_ (R+iX)
(R2, — X )R, + jX¢)
_ R+iX,
R22+XC2
. X
Y2: 2R2 2+J 2 < 2
RI+Xs" R+ X,
Total Admittance Admittance [lj 1.1
Z zZ, Z,
=>Y=Y+Y,
. X R2 . X
:>Y:2R12_12L2+2 z+lzcz
R™+ X, R+ X, R+ X¢ R+ X¢
R, R2 [ X, X . J
=Y = 2 7t 2 2 2 2 2 >
R+ X, R,” + X R+ X, R, + X
At Resonance,
X, ~ Xc B
F212+XL2 R22+XC2
X, 3 Xe

R12+XL2_R22+XC2
= X, (RZ+Xc?)= Xc(RZ+X.?)
1 1 2
= 27fL| R% + = +47%F212
(RZ 47z2f2C2j 2;zfc(R1 w)
L R? 2L

27LRZ + = +
=2, T o T C




L R® 24
j— — =
2C? 24C C

1 (L o) (L oo

~24LR,?

RlzLCRl
R? L-CR’

L—

L

{L CRI]
2NE L-CR)}

2
PR L-CR :
27 || L’C-LC’R,

f is called Resonant frequency.

~ az2f?Lc=C

L

c
L-
L-

L
2f2
L

"4 LC[

If RZ?=0
2
Then £ L [L-C%
27zL
TR Rl
_1[L R
2z \VL’C L2
_ 1L R*
2z \LC L2
If Ry and R, =0, then
1 [L
f=""|-5
27\ L’C
11 1

“2zVLC ~ 2zJLC

Comparison of Series and Parallel Resonant Circuit : —

[tem Seriesckt (R-L-C) | Paralld ckt (R—L and
C)




¢ Impedance at Resonance

Minimum

Maximum

» Current at Resonance

_ \Y%
Maximum= g

Vv
Minimum= (L/CR)

% Effective Impedance R C_'-R
% Pf. at Resonance Unity Unity
. 1 2
“* Resonant Frequency o iC % I__1(: _%
% It Magnifies Voltage Current
% Magnification factor % %

Parallel circuit :—>

I Ri mﬁ“ﬂ'ﬁ'ﬁ“.l

e e
F e 1 3
L

v.f

Zl = R1+ ij =y R12 + XL24¢1

Zz = Rl_ jxc = R212+ XCZZ_¢2
V V
I1= :_4_¢1=|14_¢1
Z14¢1 Z,
V
Where —=Vy,

1

Here Y, — Admittance of the circuit
Admittance is defined as the reciprocal of impedence.




Vv

TR+ X,

V V
:_4¢1 :VY24¢ = I24¢2

|, =———
? Z24_¢21 Zz

|1=VY1

| :\/|12+|22 +2|1|2C05(¢1+¢2)

I :|14_¢1+|24¢2

-~ T"_Q-I"“ d:'i

o
-
5
:4 o Lcosd+ I, cestp, A
L T~ rl v
= !
&
6‘; ]
H :
r I
i)

The resultant current “1” is the vector sum of the branch currents |, & |,
can be found by using parallelogram low of vectors or resolving |, into their X



—and Y- components ( or active and reactive components respectively) and then
by combining these components.

Sum of active components of 1, and I, = 1, cos ¢1+ |, cos ¢,
Sum of the reactive components of I, and I, =1, sin ¢,- 1 SN ¢4

EXP—-01:
A 60Hz voltage of 230 V effective value is impressed on an inductance of
0.265H
(i)  Write the time equation for the voltage and the resulting current. Let the
zero axis of the voltagewave beat t =0.
(i)  Show the voltage and current on a phasor diagram.
(ili)  Find the maximum energy stored in the inductance.
Solution :-
V. =2V =/2x 230V
f=60Hz, W=24 =27x60=377rad/s.
X, =W =377 x0.265 = 100Q
(i)  Thetime equation for voltageis V(t) = 230v/2sin377t.
| =Voo /% = 23072/100.= 2.3/3
¢ =90°(lag).
- Currente quation is.
i(t) =2.3/2sin(377t - 7/ 2)
or =2.3J2cos377t
(i) Iti
(i) or E_ = % LI %max = %x 0.265x (2.3v/2)? =1.4J

Example-02 :

The potential difference measured across a coil is 4.5 v, when it carries a
direct current of 9 A. The same coil when carries an alternating current of 9A at
25 Hz, the potential difference is 24 v. Find the power and the power factor
when it is supplied by 50 v, 50 Hz supply.

Solution :
Let R bethed.c. resistance and L be inductance of the cail.
R=V/I =45/9=05Q




With a.c. current of 25Hz, z = V/1.

24 = 2.66Q2
9

X =vZ%—R? =+/2.662 — 0.5
=2.62Q
X =2rx25xL
X = 0.0167C2
At 50Hz
X, = 2.62x 2 =5.240)
Z =~0.5% +5.24
=5.06Q
| =50/5.26=95A
P=1%R=9.5°x 0.5 = 45 wait.
Example—03:
A 50- uf capacitor is connected across a 230-v, 50 — Hz supply. Calculate
(@ Thereactance offered by the capacitor.
(b)  The maximum current and
(c) Ther.m.svaue of the current drawn by the capacitor.
Solution :

(@ x=—=t - L _6360
wc 2rnfe 27x50x50x10

(c) Since 230 vV representsther.m.svalue
w1, =230/ x =230/63.6 = 3.62A

b) 1. =1 .x/2=362x+/2=511A
Example—04:
In a particular R — L series circuit a voltage of 10v at 50 Hz produces a

current of 700 mA. What are the values of R and L in the circuit ?
Solution :

(i) z=+R®+(2rx50L)?
= v R® + 9869612

V =1z

10 = 700 10°%,/(R? + 98696L%)

J(R? +986961.%) =10/700x10° =100/ 7

R’ +98696L2 = 10000/ 49 -----==-===--==--- 0
(i)  Inthe second case Z = /R? + (27 x 75L)°

--10=500x10"2\/ R? + 222066L2) = 20

JRZ +2220661%) = 20




CHAPTER-07
TRANSIENTS

Whenever a network containing energy storage elements such as inductor or capacitor is
switched from one condition to another,either by change in applied source or change in
network elements,the response current and voltage change from one state to the other
state.The time taken to change from an initial steady state to the final steady state is known
as the transient period.This response is known as transient response or transients.The
response of the network after it attains a final steady value is independent of time and is
called the steady-state response.The complete response of the network is determined with
the help of a differential equation.

STEADY STATE AND TRANSIENT RESPONSE

In a network containing energy storage elements, with change in excitation, the currents
and voltages in the circuit change from one state to other state. The behaviour of the
voltage or current when it is changed from one state to another is called the transient state.
The time taken for the circuit to change from one steady state to another steady state is
called the transient time. The application of KVL and KCL to circuits containing energy
storage elements results in differential, rather than algebraic equations. when we consider a
circuit containing storage elements which are independent of the sources, the response
depends upon the nature of the circuit and is called natural response. Storage elements
deliver their energy to the resistances. Hence, the response changes, gets saturated after
some time,and is referred to as the transient response. When we consider a source acting
on a circuit, the response depends on the nature of the source or sources.This response is
called forced response. In other words,the complete response of a circuit consists of two
parts; the forced response and the transient response. When we consider a differential
equation, the complete solution consists of two parts: the complementary function and the
particular solution. The complementary function dies out after short interval, and is referred
to as the transient response or source free response. The particular solution is the steady
state response, or the forced response. The first step in finding the complete solution of a
circuit is to form a differential equation for the circuit. By obtaining the differential
equation, several methods can be used to find out the complete solution.

DC RESPONSE OF AN R-L CIRCUIT

Consider a circuit consisting of a resistance and inductance as shown in figure.The inductor
in the circuit is initially uncharged and is in series with the resistor.When the switch S is
closed ,we can find the complete solution for the current.Application of kirchoff’s voltage
law to the circuit results in the following differential equation.
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Figure 1.1

Voo R Lo e 1.1
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In the above equation, the current | is the solution to be found and V is the applied constant
voltage. The voltage V is applied to the circuit only when the switch S is closed. The above equation
is a linear differential equation of first order.comparing it with a non-homogenious differential
equation

E+Px=K ..................................................................... 1.3
dt

whose solution is

X= 8 P [EETE At 4C 7P oo 1.4

Where c is an arbitrary constant. In a similar way , we can write the current equation as
N _|‘.1ﬂh|f i |IIIE~.|'1’
i=ce vt 4Tt IEE\E" dt

. (&% v
Hence,1 =C @& i +§ SR )

To determine the value of c in equation c, we use the initial conditions .In the circuit shown in
Fig.1.1, the switch s is closed at t=0.at t=0-,i.e. just before closing the switch s, the current in the
inductor is zero. Since the inductor does not allow sudden changes in currents, at t=o+ just after
the switch is closed,the current remains zero.

Thusatt=0,i=0
Substituting the above condition in equation c, we have

1

O=c+ -
R

Substituting the value of ¢ in equation c, we get

A A
1=— -— g &k
R R
Vv 13
= — - L
i=- (1- et )

Rt -
i=1I, (1- €% ) (where i, = E_'l

i=1I, (1- €7 ) (where t= Timeconstant =



b

0 1 2 3 4 &5 €& 1C
Figure 1.2

=8t
Equation d consists of two parts, the steady state part §f, =V/R) and the transient part ', ¢ & .

When switch S is closed, the response reaches a steady state value after a time interval as
shown in figure 1.2.

Here the transition period is defined as the time taken for the current to reach its final
or stedy state value from its initial value.In the transient part of the solution, the
quantity L/R is important in describing the curve since L/R is the time period required

for the current to reach its initial value of zero to the final value I, =V/R. The time
=iz
constant of a function i, &I isthe time at which the exponent of e is unity, where e

is the base of the natural logarithms.The term L/R is called the time constant and is
denoted by .

L
So, T =— sec
R

Hence, the transient part of the solution is

i=—=— et =-e71

- &
R R

At one Time constant, the transient term reaches 36.8 percent of its initial value.

1(‘[) = - % E‘__I = -%r:r-i = -0368£

Similarly,

i(27) = -"?';ﬁ--: =-0.135 <
i(37) = -";;s-“ =-0.0498 E
i(51) = -";;_e--i =-0.0067 E

After 5 TC the transient part reaches more than 99 percent of its final value.



In figure A we can find out the voltages and powers across each element by using the current.

Voltage across the resistor is

-
vs=Ri=RX- (1- §1 )

-

-3

Hence, 1w5=V (1- rs'-

[

)

Similarly, the voltage across the inductance is

=3
=3

Iy, =Ld—=L

o R

=
el
o]

K= =Ve

r It

The responses are shown in Figure 1.3.

Figure 1.3

Power in the resistor is

ik ol I
Fe=tgi=V(1-¢% ){l— g1 IR
12 =&t =it
=?(1' et )+ gL
Power in the inductor is
) Dl =i
.ID_r_=I"_r_1=V€'-‘- KE F_— gL )
oo =8 =zfiC
—R(lﬂ'u "j' i )

The responses are shown in figure 1.4 .



Figure 1.4
Problem: 1.1
N\
B0V — !
Figure 1.5

A series R-L circuit with R = 30Q and L = 15 H has a constant voltage V = 50 V applied at t=0 as
shown in Fig. 1.5 . determine the current i, the voltage across resistor and across inductor.

Solution :
By applying Kirchoff’s voltage Law, we get
152 +30i =60

dt
== % +2i=4

dt

The general solution for a linear differential equation is
i=ce P+ g~Ft [ FaFtdt
where P=2,K=4
putting the values
i=ce™ 2" + e~1t [ 4eftdt

=>=j=ce™ " +2



At t=0, the switch s is closed.

Since the inductor never allows sudden change in currents. At t=07 the current in the circuit is

zero. Therefore at t=07,1=0

=x>0=c+2

=xc=-2

Substituting the value of c in the current equation, we have
i=2(1- ™) A

voltage across resistor (Vz) =iR =2(1- e7?%) x 30=60(1- e~ *%) v

voltage across inductor (V;) = L':— =15 iZ(l- e™%) = 30x 2™ v=H0eF
(irky i

DC RESPONSE OF AN R-C CIRCUIT

Consider a circuit consisting of a resistance and capacitance as shown in figure.The capacitor in the
circuit is initially uncharged and is in series with the resistor.When the switch S is closed at t=0, we
can find the complete solution for the current.Application of kirchoff’s voltage law to the circuit
results in the following differential equation.

. r
o ' M

vV
— R
i(@)
Figure 1.6
.1 .
V=R|+Eftd? ....................................................................... 1.7
By differentiating the above equation, we get
i i,
O=R =4 =10 i 1.8
dé C©
Or
Gai 1
— =0 s 1.9



Equation cis a linear differential equation with only the complementary function. The particular
solution for the above equation is zero. The solution for this type of differential equation is

[y

T = CRTURE oo 1.10

To determine the value of c in equation ¢, we use the initial conditions .In the circuit shown in
Fig. the switch s is closed at t=0. Since the capacitor does not allow sudden changes in voltage, it
will act as a short circuit att=o+ just after the switch is closed.

So the current in the circuit at t = 0+ is ;
Thus att = 0, the currenti = é

Substituting the above condition in equation c, we have

=C

Substituting the value of ¢ in equation c, we get

PR
Tr Lo
— —

i= B NRE oo s 111
B

oy

Qi<

T.C

Figure 1.7

When switch S is closed , the response decays as shown in figurre.
The term RC is called the time constant and is denoted by t.
So, t=RCsec
After 5 TC the curve reaches 99 percent of its final value.
In figure A we can find out the voltage across each element by using the current equation.

Voltage across the resistor is



Hence, 1z=V &ic

Similarly, voltage across the capacitor is

=-Veii +¢

At t=0,voltage across capacitor is zero
So,c=V
And

L} :‘Vél - fﬁE}

The responses are shown in Figurel.8.
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S
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Figure 1.8

Power in the resistor is

= =L

Fo=vgpi= V&Rt = - &fE
7

ey

T.C
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The responses are shown in figure 1.9.

Pr

0 1 2 3 4 5 8

Figure 1.9
Problem: 1.2

A series R-C circuit with R = 10Q and C =0.1 F has a constant voltage V = 20 V applied at t=0 as
shown in Fig. determine the current i, the voltage across resistor and across capacitor.

:_{}.1 F

Figure 1.10
Solution :
By applying Kirchoff’s voltage Law, we get
10i + ﬁ [1dt=20
Differentiating w.r.t. t we get

1024+ 1=0
dt 0o
= ':— +i=0
ria

The solution for above equation is



i=ce™"

At t=0, the switch s is closed.

Since the capacitor never allows sudden change in voltages. At t=07 the current in the circuit is
i=V/R=20/10=2A

. Thereforeatt=0,i=2 A
=>>the current equation is i=2e™"
voltage across resistor (V) =iR=287"x10=20e" v

—

voltage across capacitor (Vo) = V{1l = &Rf)=20(1-e"%) V

DC RESPONSE OF AN R-L-C CIRCUIT

Consider a circuit consisting of a resistance, inductance and capacitance as shown in figure.The
capacitor and inductor in the circuit is initially uncharged and are in series with the resistor.When
the switch Sis closed at t=0, we can find the complete solution for the current.Application of
kirchoff’s voltage law to the circuit results in the following differential equation.

. G

i~ -c

Figure 1.11

i lpm, ..
v=Ri+L%+:,lsm ....................................................................... 1.12

By differentiating the above equation, we get

0=REALAZAT + 212 o 1.13
g €

Or

o eag B 1

Gifdis - —+ =020 1.14

L& Lt



The above equation c is a second order linear differential equation with only the complementary
function. The particular solution for the above equation is zero. The characteristics equation for this
type of differential equation is

D24 2D+ 20 1.15

Ll

The roots of equation 1.15 are

B, D,=- S ((BY L
vERT Ty i"; E:.f..:[ LS
I Yy -
By assuming K; =- i and K-= (ﬂ—ll[ _ril:

Then, the roots are Real and Unequal and give an over damped Response as shown in figure
1.12.

The solution for the above equation is: i= C; @Baali 4 (, gl

A

Figure 1.12

Casell: K. fs Negatiy [ET- < =

Py £C

Then, the roots are Complex Conjugate, and give an under-damped Response as shown in
figure 1.13.

.y




Figure 1.13

The solution for the above equation is: i= #™#{C; cogK,t +C; sin K, t)
Case Il : K, {5 Zero [Ej - L

Then, the roots are Equal and give an Critically-damped Response as shown in figure 1.14.

if

Figure 1.14
The solution for the above equation is: i= efFiC, + ;%!
Problem: 1.3

A series R-L-C circuit with R =200, L = 0.05H and C = 20 pF has a constant voltage V=100 V
applied at t=0 as shown in Fig. determine the transient currenti.

_ L 30.05H
100V T

C=r 20 uF
T

Figure 1.15

Solution :

By applying Kirchoff’s voltage Law, we get

100:301+o.05§+ X [ide

& 2EA1Eme

Differentiating w.r.t. t we get

, . L. i .
“ifdE=+20—+ i=0
Q05a "¢ /de dr IOk lgmE



== d2¢/dt? +400 :_+ 105 =0
== {P<+400D +10%i =0

The roots of equation are

400 a0
Oy, D =- 208 [(E00Y _ 4ge
L=z 4 i«,‘[ g/ 1o

= -2004 120007 — 10F

i, =-200+j979.8

£, =-200-j979.8

Therefore the current

i=e®®F [0 cosK, £+ CooeKat]

i =g™20% [0 co2979.8¢ + C8in 979.80] A

At t=0, the switch s is closed.

Since the inductor never allows sudden change in currents. At t=07 the current in the circuit is

zero. Therefore at t=07,i =0

=> {=0=(1) [C; cos 0+ C; 2n 0]

=2 G=0andi=¢"=0[C, sin9708:] A

Differentiating w.r.t. t we get

% = ([ 89798 cor97 B ¢ + o7 N = 200080 979,82 )
At t=0, the voltage across the inductor is 100 V

=2 L=-=100 or = = 2000

At t=0, z— = 2000=C,979.8 cozd

2000
== Cy=—=2.04

The current equation is



i=@™2007 (2 0daln 979.88) 4

ANALYSIS OF CIRCUITS USING LAPLACE TRANSFORM
TECHNIQUE

The Laplace transform is a powerful Analytical Technique that is widely used to study the
behavior of Linear,Lumped parameter circuits. Laplace Transform converts a time domain
function f(t) to a frequency domain function F(s) and also Inverse Laplace transformation
converts the frequency domain function F(s) back to a time domain function f{(t).

R DU GO I Sk (3 1 LT 1
L1 {F(S)} = (1) === [ F{E) 205 woomrerrnsinssnnsnssessons et s LT 2

DC RESPONSE OF AN R-L CIRCUIT (LT Method)

Let us determine the solution i of the first order differential equation given by equation A which
is for the DC response of a R-L Circuit under the zero initial condition i.e. currentis zero, i=0 at
t=0" and hence i=0 at t=07 in the circuit in figure A by the property of Inductance not allowing

the current to change as switch is closed at t=0.

s R
A Vv

-
1|
1]

I+

LRRer

-~

Figure LT 1.1

Taking the Laplace Transform of bothe sides we get,

E S S (O R (G IS ((0) ] LT1.2
=i E =RI(s)+L[sI(s)] (1(0) =0 : zero initial current)

=:=»§ = I(s)[R +L s]

s[RaLs]

=:}I(S) =




Taking the Laplace Inverse Transform of both sides we get,

= L1 {I(S)} = fEF"} = I'['_'l{: ELE"".‘.E]}

L
¥

i(t)= L~ 1 ( Dividing the numerator and denominator by L )

slRiL=s]

putting & = H/L we get

FiE - =1l 1 .1
_.EF._.,‘-]: =L 1{E(E_ I:_‘--NI'-"I;}

i(9 = L

i(t) = 7% ,: (%— r_vnihr:;.-',r_'. }%} (again putting back the value of @)

1 ¥l 1 1 v :l_ﬂr :l_ﬁr W,
i(t) = E.'i{E(E— .;_rn:-r:'.r__'-f’} :E(l_ gL )=I,(1- ¢T) (where I, = 2

i(t)=1,(1- e?) (where 7= Timeconstant= i ISR LT 1.4

It can be observed that solution for i(t) as obtained by Laplace Transform technique is same as
that obtained by standard differential method .

DC RESPONSE OF AN R-C CIRCUIT(L.T.Method)

Similarly ,

Let us determine the solution i of the first order differential equation given by equation A which
is for the DC response of a R-C Circuit under the zero initial condition i.e. voltage across
capacitor is zero, . =0 att=0" and hence I/, =0 at t=07 in the circuit in figure A by the property

of capacitance not allowing the voltage across it to change as switch is closed at t=0.

. r
o ' M

v
— - C
i®
Figure LT 1.2
V=Ri+%‘|1fl:ﬂ ....................................................................... LT 1.5
Taking the Laplace Transform of both sides we get,
v 1 ]l:gl'-
S =RI(S)+E[ =41(0) ] o LT 1.6
=I=°§ =RI(s) + % [ "Ts] (I(0) =0 : zero initial charge)

Soatl
]

=22 = ISR +=] = 1) ==]



. vV, s ¥E
i (O R e e S LT 1.7

Taking the Laplace Inverse Transform of both sides we get,

=» FUI) = ) = )

i
i(t)= L& -I.-f'.;j-] ( Dividing the numerator and denominator by RC )
“RE

_ 1
putting & = — we get

i(t) = L-l{i1 = g

Geal &

i(t) :r'—; gRE ( putting back the value of @}
i(t) =£, T (where [, = R LT 1.8

i(t)=1, e%) (where ©=Timeconstant= RC)

It can be observed that solution for i(t) as obtained by Laplace Transform technique in q is
same as that obtained by standard differential method in d.

DC RESPONSE OF AN R-L-C CIRCUIT ( L.T. Method)

i~ =c

Figure LT 1.3
Similarly ,

Let us determine the solution i of the first order differential equation given by equation A which
is for the DC response of a R-L-C Circuit under the zero initial condition i.e. the switch s is closed
at t=0.at t=0-,i.e. just before closing the switch s, the current in the inductor is zero. Since the
inductor does not allow sudden changes in currents, at t=o0+ just after the switch is closed,the
current remains zero. also the voltage across capacitor is zero i.e. 1. =0 att=0" and hence 11, =0
at t=07 in the circuit in figure by the property of capacitance not allowing the voltage across it
V. to suddenly change as switch is closed at t=0.

v:mu%-&%‘l‘m‘r ...................................... LT 1.9

Taking the Laplace Transform of both sides we get,



—-RI(s) ++ L [s1(s) -1(0) ]+ ["—'-*+1 ()N [ LT 1.10

=:=°§ =RI(s) + L[=1{z}] +%[ ’TE] (10} = @:zero initial current & 1(0) =0 : zero initial

charge)

=# 2 =I(S)[R +Ls+ =] =1(s )[w]

[ o ] e
(LCIERRCTAL] (RCaRaBCadl) i

==I(s) = :

Taking the Laplace Inverse Transform of both sides we get,

- i5
= LHI(s)} = #e) = L ‘ﬁm}
iy
i(t) = { — ( Dividing the numerator and denominator by LC)
TR

=

1(t)‘f-1{[ ;ﬂ rJ?

putting == agnd = 1= weget
r‘:l

I T

0= Y o

The denominator polynomial becomes = [#= -2 5 -- w=]

—Imgy am -G
where, 5 , 5, = ————ov-—

= —tVHT—wi =~ £+

R ;
where, K=—; w= |
2L )

[

and 5= W EE—?

e
™

By partial Fraction expansion, of I(s),

¥ i
= L = - L
(=g L
v
T 1 1
——1 - y
I(S) - ':E’-E{ (I:E-E-' |,=_,==

Taking the Inverse Laplace Transform



i) =4y &+ Syt

Where A; and A, are constants to be determined and £y and 55 aren the roots of the
equation.

Now depending upon the values of =4 and =; , we have three cases of the response.
CASE I: When the roots are Real and Unequal, it gives an over-damped response.

A

- = "JI? or = ;Inthis case, the solution is given by
() =™ (& ™54 S8 FE) e LT 1.12
or () =4, g2f+ Aje®® fort = 0

CASE II : When the roots are Real and Equal, it gives an Critically-damped response.

% = Ilc or ©=w ;In this case, the solution is given by
o1 'Rl' E
or
()= (A4+8T ) fort= 0 e LT 1.13

CASE III : When the roots are Complex Conjugate, it gives an under-damped response.

! - . . ..
= IE or © =l w ;Inthis case, the solution is given by
&

]

[
-

i(t) =4 &%+ Jogo® fort = 0

=2 B —_— .
_'H_.-I;I'H Yy :—Ni'f:"\:-_w-

where, 5, ,5; =

Let Vo —w? ==I+"—x* =j wy; where j=+=T and wa=40" -
Hence, i(t) =e=% {4, gfw»:l.-"hsi: E—ffwd.-")

glwdl ag=Juglh gl 4f =i gl }"

i) =6~ [ + 3 T i, - ) (2
i(t) =™ [{& + A )cozwgt +10(8& — &) slnwgt ]

i(t) =™ " (By copmgt +Bosmmwgt) e LT 1.14
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CHAPTERS

TWO-PORT NETWORKS

W

y One-Port
Network

L

a) One port network is a two terminal electrical network in which, current
enters through one terminal and leaves through another terminal. Resistors,
inductors and capacitors are the examples of one port network because each
one has two terminals. One port network representation is shown in the
following figure.

b) A pair of terminals at which a signal (voltage or current) may enter or leave is
called a port.

c) Anetwork having only one such pair of terminals is called a one-port network.

d) No connections may be made to any other nodes internal to the network.

e) By KCL, we therefore haveii=i1

® iz ]
v Two-Port
l Network v
) ‘_ i |1 = i '2 _»

= two port network is a pair of two terminal electrical network in which, current
enters through one terminal and leaves through another terminal of each port. Two
port network representation is shown in the following figure.Type equation here.

=  Two-port networks are used to describe the relationship between a pair of
terminals

* The analysis methods we will discuss require the following conditions be
met

1. Linearity
2. No independent sources inside the network
3. No stored energy inside the network (zero initial conditions)

4. ii=iliand i2=1
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Two Port Network Parameters

There are various parameters needed to analyze a two port
network. For examples, , Y parameters,

, & parameters, etc.
Let us discuss these network parameters one by one to gain a
better understanding of their application and uses.

Im pedance Parameters

= Suppose the currents and voltages can be measured.

= Alternatively, if the circuit in the box is known,V1and V> can be calculated
based on circuit analysis.

= Relationship can be written in terms of the impedance parameters.

= We can also calculate the impedance parameters after making two sets of
measurements.

Vi=z11l1+z1212
\Vo=22111+22212

If the right port is an open circuit (/2=0), then we can easily solve for two of
the impedance parameters: Similarly by open circuiting left hand port ([1=0 ) we can
solve for the other two parameters.

NP
ZH = forwardtransferimpedence :—"‘f ] =0

. F
£y, = inputimpedence = I—]‘f =0 |

I

o | o, F
| = reversetransferimpedence :j—]|f. =0 Z,, =outputimpedence = f_‘f =()
) 1

Z

1
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https://www.electrical4u.com/hybrid-parameters-or-h-parameters/
https://www.electrical4u.com/hybrid-parameters-or-h-parameters/
https://www.electrical4u.com/abcd-parameters-of-transmission-line/

Impedance Parameter Equivalent

1.(S) —» < 1(9
+ +
V() V()

V1=2711l1+2735l»

Vo=22111+22l2

¢ Once we know what the impedance parameters are, we can model
the behavior of the two-port with an equivalent circuit.
e Notice the similarity to Th’evenin and Norton equivalents
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Admittance Parameters

@ o &
—>» <
+ +
Two-Port
V1 V2
Network
i - P

l1=y11Vi+Y12Vo
[2=y21V1+y20\V2

Y,; = input admittance = I—1|V2 =0
\A
Y,, = forward transfer admittance = \|72|V2 =0
1
Y,, = output admittance = \—|/1~|V1 =0
2

Yy, = reverse transfer admittance = \—|/1~|V1 =0
2

Hybrid Parameters
Vi=hy1l1+h1oVo

lo=h1l 1+h2oV>

h,, = input impedance = \I—/1|V2 -0
1
h,, = forward current ratio = l|l|V2 =0
1

h,, = reverse voltage ratio = ¥|I1= 0
2

h,, = output admittance = \l/l|I1= 0
2
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Example:

Given the following circuit. Determine the Z parameters.

l1 I
80 100
N AN
+ +
Vi §20Q § 200 Vs
Z =8+ 20[30 =20Q

1~

N
|

L, = 2030 = 120
Z,=Yi|1,=0
I,

_204,X20 _ o Thereforez _ 8. =80 =z
17720430 2 z ;

I,

The Z parameter equations can be expressed in matrix form as follows.

MEEEN
[w 2 Bl
L2) L 1L 2]

Example:
Given the following circuit. Determine the Y parameters.

I
|1 10 )
AN
+ 1 +
Vi L~ S vV
S 2
= AN —
1Q
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AMA
+ v L +
v, —1 DS
1 b ~ V2 -
( shaii
— Ay —
10
Tofindy,,
% [ 2
Vl:ll(2+1/s):|lt25+1J
I
=s+0.5

_ 1y - 1
S0 Y11 v, N1 Vi‘ V=0

Tofindy andy wereverse thingsand shortV
12 21 1

= L, =0
y21 V1| 2
I2 —
Yy = — =05S
Vi
L, 10 L
MN
short |+ ) +
V1 ::1 33
— 5 Vv,
— AN —
| 1Q
_ N _
ylz_ Vz \/1—0
V=-2I y="=05s
2 1 12 V2
y =05+
22 S
y = _IZ_‘VZO V =1 2s y :O.5+];
22
22 V2 1 2 2(S+2) s
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Problem 1

Find the Z and Y parameter for the networks shown in figure.

1'e

Solution
a. ByKVL, (Z,+ Z )|+ Z.I, =¥
and Z I+ (Z,+Z.),=V;
Thus, the Z-parameters are:

m=(Z,+2Z.),z23=23=2,., z2pn=(Zy+Z,)

1 2
Za zb
‘:D Zc @
L ‘ &
il e
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h-v | 1.,
f=_|.__-._—__..r'__’,"
Z Z" PR
‘?-l! | I
andf, = RN, 5) 1 W 1
2 s zl,+zl

|
F=)i2 Ye=ru
Z ! 2 Z

Since, Ay = ¥, Vaz = Mz ¥ = 0. the z-parameters da not exist
for this netyrark.

to— Z |—2

e L Pe

¢. By KVL
V, =
I(""[:_; '—l l ’_l l
ith _y, o,,;,_(,,]l,«»(r]z: and ':-(y]""(rj’:

Thus, the z-palameteis are,

Since, Az = z;,25; =~ 51333 = 0, the y-parameters do not exist
for this network

d. ByKCL,
L=+ =-K)=K),+Y)-IhY

¢

L=+ (K -KI,=-VY+ V(Y +))
Thus, the y-parameters are:

W=t lim=m=-im=5+%

1 .2
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Problem 2
a. The following equations give the voltages V; and V> at the two
ports of a two port network, V, = 5l1+2l, Vo = 211 +l5;

Aload resistance of 3 Q is connected across poit-2. Calculate the
Input impedance.

b. The z-parameters of a two port networkare z;1=5Q, 25, =2 Q, Z;5
=751 =3 Q. Load resistance of 4 Q is connected across the output
port. Calculate the input impedance.

Solution

a. From the given equations,

Vy =5l + 215 (i)

Vo =21 + 19 (i1)

At the output, Vo = — bR = — 3/
Putting this value in (i1),

—3la =2l +izfilp=—11/2

mmmgmnym=5h+[%?}=4h

d =40

.. Input impedance, Zj, = A
1

b. [Same as Prob. (a)] Zin = ? =3.50Q
1
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Problem 3

Determine the h-parameter with the following data:

i. with the output terminals short circuited, Vi =25V, =1 A, [b=2
ey

ii. with the input terminals open circuited, Vv, =10V, Vo=50V, [, =2
Py

Solution

The A-parameter equations are,
Vi =hi1h4 + B12V2
Iz = fiz1lq + AazV2

a., With output short-circuited, V> = 0, given: ¥y =25V, /; =1 A and

Iz =2 A,
25=h, x1
= My,=2582, and fi,, =2
and Ze=J e 1 =1
b. With input open-circuited, fy = 0, given: ¥ = 10V, V2 = 50V and
I =2 A
10 =M, = 50 _1 : .1 =
i 2=h33x50} = My=5=02and i3 = 5= T = 0.047

Thus, the h-parametiers are:

258 0.2
[k] = '
. 0.04 O~

Problem 4
a. Find the equivalent rmnetwork for the T-network shown in the Fig.
(a).
b. Find the equivalent 7T -network for the rrnetwork shown in the Fig.
(b}.
Fa=20 Zp=2.50 ¥g = 0.2 73
1 2
Zo=502
1 g
(@)
Solution

a. Let the equivalent -network have ¥Y¢ as the series admittance
and Y4 and ¥g as the shunt admittances at poit-1 and port-2,
respectively.

" — 2
G o & +
Vl Y_A YB Va

_ [ .
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Mow, the z-parametels aie given as:

Z11 = (Z_,;-F—Zr_}=?£1'., Z|2=321=z('=59,222=(28+Z‘-_ﬂ}=?.59

SAZ= (ITXTS5—-5%5)=2715Q°

14 550 Ia
-~ AAAN <=
+ +
vV 110 13.75 Elg Vs
. « ? S
Equivalent rr-network
Z.,‘=L= [1£2, ]
o }/’A
Fo= 2 12750 |
Yy
1
Zr=—=550
C }’f“ ]
Zy= Zg=
Ya=11 0.6250 0.25Q
1 2
b.
Y1=020 > Y>=050 Zo=1.250
L 2 y & o
r-network Equivalent T-network
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The y-patameteis,
Y1 = l.2 tJ. _"12 = -"2| = -] t;. 'dn(l .]':3 = 1.5 I)
Ay~ (1.2x15—-1)=038

) N . V=2 | v 1.2
M2 — . 2 sy .’_l.:__ e — 2 —_ A._I,.l_ T c—
1 A" 0_8 Q, 12 21 f) 2 Q

()

Z,=(z
0g 0.
- Lp =2 —23) =
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CHAPTER9

LOW PASS FILTER INTRODUCTION

Basically, an electrical filter is a circuit that can be designed to modify,
reshape or reject all unwanted frequencies of an electrical signal and accept or pass only
those signals wanted by the circuit’s designer. In other words they “filter-out” unwanted
signals and an ideal filter will separate and pass sinusoidal input signals based upon
their frequency.

In low frequency applications (up to 100kHz), passive filters are generally
constructed using simple RC(Resistor-Capacitor) networks, while higher frequency
filters (above 100kHz) are usually made from RLC (Resistor-Inductor-Capacitor)
components.

Passive Filters are made up of passive components such as resistors,
capacitors and inductors and have no amplifying elements (transistors, op-amps, etc) so
have no signal gain, therefore their output level is always less than the input.

Filters are so named according to the frequency range of signals that they
allow to pass through them, while blocking or “attenuating” the rest. The most
commonly used filter designs are the:

e 1. The Low Pass Filter - the low pass filter only allows low frequency signals from

OHz to its cut-off frequency, fc point to pass while blocking those any higher.

o 2. The High Pass Filter - the high pass filter only allows high frequency signals
from its cut-off frequency, fc point and higher to infinity to pass through while

blocking those any lower.

o 3. The Band Pass Filter - the band pass filter allows signals falling within a certain
frequency band setup between two points to pass through while blocking both the

lower and higher frequencies either side of this frequency band.

e 4 Band Stop Filter - It is so called band-elimination, band-reject, or notch filters;
this kind of filter passes all frequencies above and below a particular range set by

the component values.

Simple First-order passive filters (1st order) can be made by connecting
together a single resistor and a single capacitor in series across an input signal, (Vin)
with the output of the filter, (Vout ) taken from the junction of these two components.
Depending on which way around we connect the resistor and the capacitor with regards
to the output signal determines the type of filter construction resulting in either a Low
Pass Filter or a High Pass Filter.

As the function of any filter is to allow signals of a given band of
frequencies to pass unaltered while attenuating or weakening all others those are not
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wanted, we can define the amplitude response characteristics of an ideal filter by using
an ideal frequency response curve of the four basic filter types as shown.

IDEAL FILTER RESPONSE CURVES

Ap Ap Ar AF
t Low Pass Filter } High Pass Filter Y BandPass Filter 1 Band Stop Filter
Fass Stop Stop Pass Stop | Pass | Stop Fass | Stop | Pass
0 "0 " - !
fo Is o Ja o I F A

A Low Pass Filter can be a combination of capacitance, inductance or
resistance intended to produce high attenuation above a specified frequency and little or
no attenuation below that frequency. The frequency at which the transition occurs is
called the “cutoff’ frequency. The simplest low pass filters consist of a resistor and
capacitor but more sophisticated low pass filters have a combination of series inductors
and parallel capacitors. In this tutorial we will look at the simplest type, a passive two
component RC low pass filter.

THE LOW PASS FILTER

A simple passive RC Low Pass Filter or LPF, can be easily made by
connecting together in series a single Resistor with a single Capacitor as shown below.
In this type of filter arrangement the input signal (Vin) is applied to the series
combination (both the Resistor and Capacitor together) but the output signal (Vout ) is
taken across the capacitor only. This type of filter is known generally as a “first-order
filter” or “one-pole filter”, why first-order or single-pole?, because it has only “one”
reactive component, the capacitor, in the circuit.

RC LOW PASS FILTER CIRCUIT

As mentioned Resistor, R I
previously in the Capacitive
Reactance tutorial, the reactance of a
capacitor varies inversely with
frequency, while the value of the | ¥ Capacitor, C Ve
resistor remains constant as the
frequency changes. At low
frequencies the capacitive reactance, @ o

(Xc) of the capacitor will be very -

large compared to the resistive value of the resistor, R and as a result the voltage across
the capacitor, Vc will also be large while the voltage drop across the resistor, Vr will be
much lower. At high frequencies the reverse is true with Vc being small and Vr being

large.

While the circuit above is that of an RC Low Pass Filter circuit, it can also
be classed as a frequency variable potential divider circuit similar to the one we looked
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at in the Resistors tutorial. In that tutorial we used the following equation to calculate
the output voltage for two single resistors connected in series.

-7 TT bl
_'s — % i
1 !-1: T % 1 T3
1ii P 4+ R
I Ix

1 |
kS =

E T,the total resistance of the circuit

We also know that the capacitive reactance of a capacitor in an AC circuit

is given as:

T 4

j— 11y

A — 111 Y ALRLL »
L ~y 'l |

PN | T

Opposition to current flow in an AC circuit is called impedance,
symbol Z and for a series circuit consisting of a single resistor in series with a single
capacitor, the circuit impedance is calculated as:

Then by substituting our equation for impedance above into the resistive

potential divider equation gives us:

RC POTENTIAL DIVIDER EQUATION

So, by using the potential divider equation of two resistors in series and
substituting for impedance we can calculate the output voltage of an RC Filter for any

given frequency.
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LOW PASS FILTER EXAMPLE

A Low Pass Filter circuit consisting of a resistor of 4k7Q in series with a
capacitor of 47nF is connected across a 10v sinusoidal supply. Calculate the output
voltage (Vout ) at a frequency of 100Hz and again at frequency of 10,000Hz or 10kHz.

Voltage Output at a Frequency of 100Hz.

1 1
T i _ i
AL ————— —
il 1
~ A
1r — 17 Sab — 1 — O Oxr
Wil i H A -‘-7; ‘ R R R T ] ~
J R +HXE Af GO0 T 33005
L L T
Voltage Output at a Frequency of 10,000Hz (10kHz).
1
~ L _ 1 — 279 S0
N T =T R T o A1 —oOMea
) ksl 2 L QO 47 =
ate 279 A
<7 o L 4 230,00 P
Yot~ YiIn — 1Y ] — V. LON
et s j T 2 fl *E:'r: ! BT '1 RS 2
A B°+ X7 Af F700T T3536.0
| ¥

FREQUENCY RESPONSE

We can see from the results above that as the frequency applied to the RC network
increases from 100Hz to 10 kHz, the voltage dropped across the capacitor and therefore
the output voltage (Vout) from the circuit decreases from 9.9v to 0.718v.

By plotting the networks output voltage against different values of input frequency,
the Frequency Response Curve or Bode Plot function of the low pass filter circuit can be

found, as shown below.
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Frequency Response of a 1st-order Low Pass Filter

Coner
| Vout Freguency
Zain — 20 log Vin fl:
I ) I,
JassBzanc | | StopBand
0dB
343 4+—-3d3 (457
Frequenc
R d y Slope =
- EELLUSE -20cB/Decade
= S
E ¥
Bandwidth
- P
Ptase fu L=) Fregquency iHz}
UF (Logarith mic Scaled
- 5*
Phass
Shift
-90° :

Frequency iHz)

The Bode Plot shows the Frequency Response of the filter to be nearly flat
for low frequencies and the entire input signal is passed directly to the output, resulting
in a gain of nearly 1, called unity, until it reaches its Cut-off Frequency point (fc). This is
because the reactance of the capacitor is high at low frequencies and blocks any current
flow through the capacitor.

After this cut-off frequency point the response of the circuit decreases to
zero at a slope of -20dB/ Decade or (-6dB/Octave) “roll-off”. Note that the angle of the
slope, this -20dB/ Decade roll-off will always be the same for any RC combination.

Any high frequency signals applied to the low pass filter circuit above this
cut-off frequency point will become greatly attenuated, that is they rapidly decrease.
This happens because at very high frequencies the reactance of the capacitor becomes
so low that it gives the effect of a short circuit condition on the output terminals
resulting in zero output.

Then by carefully selecting the correct resistor-capacitor combination, we
can create a RC circuit that allows a range of frequencies below a certain value to pass
through the circuit unaffected while any frequencies applied to the circuit above this
cut-off point to be attenuated, creating what is commonly called a Low Pass Filter.
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For this type of “Low Pass Filter” circuit, all the frequencies below this
cut-off, fc point that are unaltered with little or no attenuation and are said to be in the
filters Pass band zone. This pass band zone also represents the Bandwidth of the filter.
Any signal frequencies above this point cut-off point are generally said to be in the
filters Stop band zone and they will be greatly attenuated.

This “Cut-oft”, “Corner” or “Breakpoint” frequency is defined as being the
frequency point where the capacitive reactance and resistance are equal, R = Xc = 4k7Q.
When this occurs the output signal is attenuated to 70.7% of the input signal value or -
3dB (20 log (Vout/Vin)) of the input. Although R = Xc, the output is not half of the input
signal. This is because it is equal to the vector sum of the two and is therefore 0.707 of
the input.

As the filter contains a capacitor, the Phase Angle (@) of the output
signal LAGS behind that of the input and at the -3dB cut-off frequency (fc) and is -
450 out of phase. This is due to the time taken to charge the plates of the capacitor as the
input voltage changes, resulting in the output voltage (the voltage across the capacitor)
“lagging” behind that of the input signal. The higher the input frequency applied to the
filter the more the capacitor lags and the circuit becomes more and more “out of phase”.

The cut-off frequency point and phase shift angle can be found by using
the following equation:

CUT-OFF FREQUENCY AND PHASE SHIFT

-1

|

1

sl P A i T ATONV e AT 1O
fi B Rt Jrarry Py RERF T TR T BEOAS

e Far

Then for our simple example of a “Low Pass Filter” circuit above, the cut-
off frequency (fc) is given as720Hz with an output voltage of 70.7% of the input voltage
value and a phase shift angle of -45°.

HIGH PASS FILTERS

A High Pass Filter or HPF, is the exact opposite to that of the previously
seen Low Pass filter circuit, as now the two components have been interchanged with
the output signal ( Vout ) being taken from across the resistor as shown.

Where as the low pass filter only allowed signals to pass below its cut-off
frequency point, fc, the passive high pass filter circuit as its name implies, only passes
signals above the selected cut-off point, fc eliminating any low frequency signals from
the waveform. Consider the circuit below.
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THE HIGH PASS FILTER CIRCUIT

/\ Capacltor C

—l-
v\ |

W

l Resistor, R $ Wom
° -~

o

In this circuit arrangement, the reactance of the capacitor is very high at low
frequencies so the capacitor acts like an open circuit and blocks any input signals
at Vin until the cut-off frequency point (fc) is reached. Above this cut-off frequency
point the reactance of the capacitor has reduced sufficiently as to now act more like a
short circuit allowing the entire input signal to pass directly to the output as shown
below in the High Pass Frequency Response Curve.

FREQUENCY RESPONSE OF A 1ST ORDER HIGH PASS FILTER.

Gain (dB) = 20 log /0ut

Vin
Stop Band : Pass Band
¥ Y i
0dB | — — — — — I—
_ o
_____ Frequency
Response
EL Slope =
a | +20dBDecade
| Bandwidth
| - -
-dB
Phase Freq!_l enu:y(Hz}
+90° iLogarithmic Scale]
+45°
U{l

Frequency (Hz)
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The Bode Plot or Frequency Response Curve above for a High Pass filter is
the exact opposite to that of a low pass filter. Here the signal is attenuated or damped at
low frequencies with the output increasing at +20dB/Decade (6dB/Octave) until the
frequency reaches the cut-off point ( fc ) where again R = Xc. It has a response curve
that extends down from infinity to the cut-off frequency, where the output voltage
amplitude is 1/v2 = 70.7% of the input signal value or -3dB (20 log (Vout/Vin)) of the
input value.

Also we can see that the phase angle (®) of the output signal LEADS that
of the input and is equal to+45° at frequency fc. The frequency response curve for a
high pass filter implies that the filter can pass all signals out to infinity. However in
practice, the high pass filter response does not extend to infinity but is limited by the
electrical characteristics of the components used.

The cut-off frequency point for a first order high pass filter can be found
using the same equation as that of the low pass filter, but the equation for the phase
shift is modified slightly to account for the positive phase angle as shown below.

CUT-OFF FREQUENCY AND PHASE SHIFT

"

!

fn
Voo i E JEEa
Py RN
A4
Nl - Ol 8 1 = remid~s !
FICESE TP O — RO —

- ‘1;---5 T :;”3_ l__\_.
A = — = — = —
t:if:{ !?:;—\ B 9 yd
i f R+ KC
atlow f: Xc — o, Vout=0

athigh f: Xc — 0, Vout=Vin

HIGH PASS FILTER EXAMPLE.

Calculate the cut-off or “breakpoint” frequency ( fc ) for a simple high
pass filter consisting of an82pF capacitor connected in series with a 240k} resistor.

—

(o]
-
Wy ]
|
2 |
i
(s ]

el Lo
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BAND PASS FILTERS

The cut-off frequency or fc point in a simple RC passive filter can be
accurately controlled using just a single resistor in series with a non-polarized
capacitor, and depending upon which way around they are connected either a low pass
or a high pass filter is obtained.

One simple use for these types of Passive Filters is in audio amplifier
applications or circuits such as in loudspeaker crossover filters or pre-amplifier tone
controls. Sometimes it is necessary to only pass a certain range of frequencies that do
not begin at OHz, (DC) or end at some high frequency point but are within a certain
frequency band, either narrow or wide.

By connecting or “cascading” together a single Low Pass Filter circuit with
a High Pass Filter circuit, we can produce another type of passive RC filter that passes a
selected range or “band” of frequencies that can be either narrow or wide while
attenuating all those outside of this range. This new type of passive filter arrangement
produces a frequency selective filter known commonly as a Band Pass Filter or BPF for
short.

BAND PASS FILTER CIRCUIT

Unlike a low pass filter that only pass signals of a low frequency range or
a high pass filter which pass signals of a higher frequency range, a Band Pass
Filters passes signals within a certain “band” or “spread” of frequencies without
distorting the input signal or introducing extra noise. This band of frequencies can be
any width and is commonly known as the filters Bandwidth.

Bandwidth is commonly defined as the frequency range that exists
between two specified frequency cut-off points ( fc ), that are 3dB below the maximum
centre or resonant peak while attenuating or weakening the others outside of these two
points.

Then for widely spread frequencies, we can simply define the term
“bandwidth”, BW as being the difference between the lower cut-off frequency (fcLower )
and the higher cut-off frequency ( fcuiguer ) points. In other words, BW = fy - fi.. Clearly
for a pass band filter to function correctly, the cut-off frequency of the low pass filter
must be higher than the cut-off frequency for the high pass filter.

The “ideal” Band Pass Filter can also be used to isolate or filter out certain
frequencies that lie within a particular band of frequencies, for example, noise
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cancellation. Band pass filters are known generally as second-order filters, (two-pole)
because they have “two” reactive component, the capacitors, within their circuit design.
One capacitor in the low pass circuit and another capacitor in the high pass circuit.

Frequency Response of a 2nd Order Band Pass Filter.

_ Vout

Gain vin Jf,: Jf,:
[ Stop Elandhf:: Pass Band : Stop Elandr.";
0dB
3dB +— -3dB (45%)
Frequency Response :
= | Slope =
o Bandwidth -
= - andwi > | 20dB/Decade
° |
I
\ Slope = | |
+20dBDecade :
| |
' |
g ¥ f
JL Sfeenter fu Frequency {Hz)
Phase | [Logarithmic Scale)
+30° !
[
[
|
[
0° >
[ Frequency
Phase :
Shift |
-a0°

The Bode Plot or frequency response curve above shows the
characteristics of the band pass filter. Here the signal is attenuated at low frequencies
with the output increasing at a slope of +20dB/Decade (6dB/Octave) until the
frequency reaches the “lower cut-off” point fi. At this frequency the output voltage is
again 1/V/2 = 70.7% of the input signal value or -3dB (20 log (Vout/Vin)) of the input.

The output continues at maximum gain until it reaches the “upper cut-off”
point fg where the output decreases at a rate of -20dB/Decade (6dB/Octave)
attenuating any high frequency signals. The point of maximum output gain is generally
the geometric mean of the two -3dB value between the lower and upper cut-off points
and is called the “Centre Frequency” or “Resonant Peak” value fr. This geometric mean
value is calculated as being fr 2 = fiupper) X f(LOWER)-

A band pass filter is regarded as a second-order (two-pole) type filter
because it has “two” reactive components within its circuit structure, then the phase
angle will be twice that of the previously seen first-order filters, i.e., 180°. The phase
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angle of the output signal LEADS that of the input by +90° up to the centre or resonant
frequency, fr point were it tecomes “zero” degrees (0°) or “in-phase” and then changes
to LAG the input by -90° as the output frequency increases.

The upper anc lower cut-off frequency points for a band pass filter can be
found using the same formula as that for both the low and high pass filters, For example.

Then clearly, the width of the pass band of the filter can be controlled by the
positioning of the two cut-off frequency points of the two filters.

Band Pass Filter Example

A second-order band pass filteris to be constructed using RC
components that will only cllow a range of frequencies to pass above 1kHz (1,000Hz)
and below 30kHz (30,000Hz). Assuming that both the resistors have values of 10kQ’s,
calculate the values of the tw capacitors required.

Si%gpr‘IUE}[_.. Low-pass filter |—| High-pass filter —Fgﬁg&{

blocks frequencies blocks frequencies
that are too high that are too low

The High Pass Filter Stage

The value of the capacitor C1 required to give a cut-off frequency fi. of
1kHz with a resistor value of10k(Q is calculated as:

Bof o Wl F EL

Then, the values of R1 and C1 required for the high pass stage to give a
cut-off frequency of 1.0kHz ¢ re: R1 = 10kQ’s and C1 = 15nF.

The Low Pass Filter Stage

The value of the capacitor C2 required to give a cut-off frequency fu of 30kHz with a
resistor value of10k(} is calculated as:
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Then, the values of R2 and C2 required for the low pass stage to give a cut-
off frequency of 30kHz are, R = 10kQ’s and C = 510pF. However, the nearest preferred
value of the calculated capacitor value of 510pF is 560pF so this is used instead.

With the values of both the resistances R1 and R2 given as 10k(}, and the
two values of the capacitors C1 and C2 found for the high pass and low pass filters
as 15nF and 560pF respectively, then the circuit for our simple passive Band Pass
Filter is given as.

Completed Band Pass Filter Circuit

High P ass Filter Stage Low Pass Filter Stage

C1=15nF Fi=10K0O

VAN AN o

Vi R1=10KD $ C2=5660pF ___ Vo
o + 0

Band Pass Filter Resonant Frequency

We can also calculate the “Resonant” or “Centre Frequency” (fr) point of the band pass
filter were the output gain is at its maximum or peak value. This peak value is not the
arithmetic average of the upper and lower -3dB cut-off points as you might expect but is
in fact the “geometric” or mean value. This geometric mean value is calculated as
being fr 2 = fcupper) X fc(Lower) for example:

Centre Frequency Equation

o | p— m
fyr — | F 4 F
AU L i

= ¥ L = Ll

o Where, f; is the resonant or centre frequency
o fLis the lower -3dB cut-off frequency point

o fuisthe upper -3db cut-off frequency point
And in our simple example above, the calculated cut-off frequencies were
found to be f. = 1,060 Hz and fu = 28,420 Hz using the filter values.

Then by substituting these values into the above equation gives a central
resonant frequency of:
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Band-stop filters

It is so called band-elimination, band-reject, or notch filters; this kind of
filter passes all frequencies above and below a particular range set 'y the component
values. Not surprisingly, it can be made out of a low-pass and a high-pass filter, just like
the band-pass design, except that this time we connect the two filter sections in parallel

with each other instead of in series. (Figure below)

passes |low frequencies

—| Low-pass filter | —

Signal _,,T . Si%nal
Input l T output
» | High-pass filter .
passes high frequencies

System level block diagram of a band-stop filter.
Constructed using two capacitive filter sections, it looks something like
(Figure below).
R, R,

VWA VWA

c, ST c

I G

I ||

source R, %Rm .
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Butterworth Filter

A Butterworth filter is atype of signal processing filter designed to have a frequency
response as flat as possible in the passband. Hence the Butterworth filter is also known as
“maximally flat magnitude filter”. It was invented in 1930 by the British engineer and
physicist Stephen Butterworth in his paper titled “On the Theory of Filter Amplifiers”.
The frequency response of the Butterworth filter is flat in the passband (i.e. a bandpass
filter) and roll-offs towards zero in the stopband. The rate of roll-off response depends on
the order of the filter. The number of reactive elements used in the filter circuit will
decide the order of thefilter.

The inductor and capacitor are reactive elements used in filters. But in the case of
Butterworth filter only capacitors are used. So, the number of capacitors will decide the
order of thefilter.

Here, we will discuss the Butterworth filter with alow passfilter. Smilarly, the high pass
filter can be designed by just changing the position of resistance and capacitance.
Butterworth L ow Pass Filter Design

While designing the filter, the designer tries to achieve a response near to the ideal filter.
It isvery difficult to match results with the exact ideal characteristic. We need to use
complex higher-order If you increase the order of the filter, the number of cascade stages
with the filter is also increased. But in practice, we cannot achieve Butterworth’s ideal
frequency response. Because it produces excessive ripple in the passband.In Butterworth
filter, mathematically it is possible to get flat frequency response from 0 Hz to the cut-off
frequency at -3dB with no ripple. If the frequency is more than the cut-off frequency, it
will roll-off towards zero with the rate of -20 dB/decade for the first-order filter.If you
increase the order of the filter, the rate of aroll-off period is aso increased. And for
second-order, it is-40 dB/decade. The quality factor for the Butterworth filter is 0.707.
The below figure shows the frequency response of the Butterworth filter for various
orders of thefilter

10 Gain dB 90° Corner
1st-order
Mazamally flat Ind-order
0
3rc-order
etc.
-10
-20
| deal
-301  “Brick wall”
Response
-40
-50
-60
0.1 03 1 3 10 30 ©H2)

Mormalised Frequency
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Frequency Response of Butterworth FilterThe generalized form of frequency response for
nth-order Butterworth low-pass filter is;

1

Hijw) = —
1|I.II."J_ + 52 | ﬁ 1 2re
Where,
n = order of thefilter,
o = operating frequency (passband frequency) of circuit
oc = Cut-off frequency
€ = maximum passband gain = Amax

The below equation is used to find the value of «.

Where,
H1 = minimum passband gain
Ho = maximum passband gain

First-order L owpass Butterworth Filter

The lowpassfilter is afilter that allows the signal with the frequency islower than the
cutoff frequency and attenuates the signals with the frequency is more than cutoff
frequency. In the first-order filter, the number of reactive componentsis only one. The
below figure shows the circuit diagram of the first-order lowpass Butterworth filter.

R,
‘VGC
ke 5 .
— C A op-amp o
- 1| } % —LVu
- v
V" - Pot R ’Vrg: ?

Flg. 2.79 First order high pass Buttorworth filter




The low pass Butterworth filter is an active Low passfilter asit consists of the op-amp.
This op-amp operates on non-inverting mode. Hence, the gain of the filter will decide by
the resistor R; and Rr. And the cutoff frequency decides by R and C.

Now, if you apply the voltage divider rule at point Va and find the voltage across a
capacitor. It is given as,

1+ 32 f R

Because of the non-inverting configuration of an op-amp,

, R\
v, = (l | R—i) v,

WHERE
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Ay =Gain of filter in Passband
1 f. = Cutoff Frequency
= 2rRC f = Operating Frequency
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1. At very low frequency, f<<f.

!:—: ~ Ag(Constant)
2. At cutoff frequency, f=f,
l%' — 3—/% =0.707A;
3. At high frequency, f> f.
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‘—: < Ay




The below figure shows the frequency response of first-order lowpass Butterworth
filter.

Voltage gain
A rate of decrease 20 dB/decade
0.707 A~ i.6. Slope - 20 dB/decade
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Fig. 2.75 Frequency response

Second-order Butterworth Filter

The second-order Butterworth filter consists of two reactive components. The
circuit diagram of a second-order low pass Butterworth filter is as shown in the
below figure.

R,
W

+Veo

R, B
A= AN\ .

R, - Ry ” op-amp —ov

+ o
peue gk
Vin %) c, T 031 T

Fig. 2.7_8 Second order low pass butterworth fliter

In this type of filter, resistor R and Rr are the negative feedback of op-amp. And
the cutoff frequency of the filter decides by R2, Rs, C,, and C3.The second-order
lowpass Butterworth filter consists of two back-to-back connected RC networks.
And R, isthe load resistance. First-order and second-order Butterworth filters are
very important. Because we can get higher-order Butterworth filter by just
cascading of the first-order and second-order Butterworth filters.




Let’s analyse the circuit of second-order Butterworth filter,

Apply Kirchhoff’s Current Law at point V.
h=05L+1I;3

‘;1;: = ""1 . Vl = ‘iyi "rl = ‘:l
R R3

s

Using potential divider rule at point V,

Put the value of V1 in equation-(1)  v; — v (1 — sraes)
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Because of the non-mmverting configuration of an op-amp,
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Where,
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Rearrange this equation,
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Compare this equation with the standard form transfer function for second-order
Butterworth filter. And that is,

Vo A

‘ .2 L D . e Ly -2
m S ! -SW('-* & Wi

By comparing above equations, we can find the equation of cutoff frequency and
overall gain for the second-order lowpass Butterworth filter.

The gain of filter is,
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And the Cutoff frequency of filteris,
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Now, if we consider the value of Ry 15 same as R; and the value of C; 15 same as C3.

Ri=Ri=R and Ca=0C3=0C

Now if we put above values in transfer function,
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From above equation, the quality factor Q is equal to,
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We can say that, the quality factor is only depends on the gain of filter. And the
value of gain should not more than 3. If the value of gain is more than 3, the
system will be unstable.

The value of quality factor is 0.707 for the Butterworth filter. And if we put this
value in equation of quality factor, we can find the value of gain.

0.707 =

-{ lf
Ap = 1.586
1 + Ry Ry = 1.586

R_fR] = UBD()

While designing the second-order Butterworth filter above relation must be satisfy.
The frequency response of this filter is as shown in below figure.
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Third-order lowpass Butterworth filter can design by cascading the first-order and
second-order Butterworth filter.




The below figure shows the circuit diagram of the third-order lowpass Butterworth filter.

Third- Order Low pass Butterworth Filter Circut
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Third-order Low Pass Butterworth Filter

In this figure, the first part shows the first-order lowpass Butterworth filter, and the
second part shows the second-order lowpass Butterworth filter.

But in this condition, the voltage gain of the first part is optional and it can be set at any
value. Therefore, the first op-amp is not taking part in voltage gain. Hence, the figure for
the third-order low passfilter can be expressed as below figure also;

First-order
: Low pass Filter

Second-order Low pass Filter
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The voltage gain of a second-order filter affects the flatness of frequency response.
If the gain of the second-order filter is kept at 1.586, the gain will down 3db for
each part. So, the overall gain will down 6dB at the cutoff frequency.

By increasing the voltage gain of the second-order filter, we can offset the
cumulative loss of voltage gain.

In the third-order Butterworth filter, the rate of aroll-off period is -60dB/decade.
And the frequency response of thisfilter is nearer to the ideal Butterworth filter
compared to the first and second-order filters. The frequ

Gain (dB)

Ideal Response

.....................

Rate of roll-off
= -60dB/decade

l@l"aii.band—); : E4U ’

1 (H2)

(frequency response of this filter is as shown in the below figure.)

Fourth-order L owpass Butterworth Filter
Fourth-order Butterworth filter is established by the cascade connection of two

second-order low pass Butterworth filters. The circuit diagram of the fourth-order
lowpass Butterworth filter is as shown in the below figure.
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